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We construct sheaf-cohomological analogues of Mathai-Quillen forms, that is, holomor-
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3
1 Introduction
The Mathai-Quillen formalism [1] provides mathematics with a by-now well-known realiza-
tion of Thom classes, which is to say, it allows for integrals of differential forms over total
spaces of vector bundles to be reduced to integrals over base spaces. Given a complex mani-
fold Y = {s = 0} ⊂M for s a section of a holomorphic vector bundle G →M , say, a typical
application of a Mathai-Quillen form U(G,∇) is to use its pullback s∗U(G,∇) to relate an
integral of a differential form over Y to an integral overM . Specifically, if ωMQ ∝ s
∗U(G,∇),
then ∫
Y
α ∝
∫
M
α˜ ∧ ωMQ
for a differential form α and a suitable pullback α˜. In physics, Mathai-Quillen forms play a
further role in understanding topological field theories, see e.g. [2, 3, 4, 5, 6].
In this paper, we propose six analogues of Mathai-Quillen forms for sheaf cohomology
valued in locally-free sheaves, for various circumstances. Specifically, given a complex man-
ifold Y as above, with bundle E ′ and isomorphism det E ′∗ ∼= KY (or det E
′ ∼= KY ) so that
integrals of the form ∫
Y
O1 ∧ · · · ∧ On,
for
Oi ∈ H
• (Y,∧•E ′∗) or H• (Y,∧•E ′) ,
are well-defined, we propose sheaf cohomology classes ω such that for systematically-defined
cohomology classes O˜i lifting the Oi,∫
Y
O1 ∧ · · · ∧ On ∝
∫
Z
O˜1 ∧ · · · ∧ O˜n ∧ ω.
Here, Z = M or Z is the total space X of a holomorphic vector bundle over M .
Our constructions rest on a representation of sheaf cohomology valued in locally-free
sheaves as ∂-cohomology classes of bundle-valued differential forms, and on an analogous
representation of hypercohomology valued in a complex of locally-free sheaves.
In the special case that E ′ is the tangent bundle to Y , so that
H• (Y,∧•E ′∗) = H•,•(Y ),
one of our six constructions will specialize to ordinary Mathai-Quillen forms describing Y as
the zero locus of a section of G.
We demonstrate that our bundle-valued forms define suitable elements of cohomology,
and have some of the same cohomological-invariance properties of ordinary Mathai-Quillen
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forms. However, the demonstration that∫
Y
O1 ∧ · · · ∧ On ∝
∫
Z
O˜1 ∧ · · · ∧ O˜n ∧ ω.
is left for later work: it is a consequence of the physical origin of these analogues (specifically,
it is a mathematical prediction of the renormalization group), but we do not offer a rigorous
mathematical demonstration.
Our construction is motivated by physics. In much the same way that ordinary Mathai-
Quillen forms enter ordinary topological field theories, the analogues we propose enter het-
erotic analogues of topological field theories, the A/2 and B/2 models, which is where they
were first observed. (See for example [7, 8, 9, 10, 11, 12, 13] for further information on the A/2
and B/2 models.) Part of the purpose of this paper is to try to extract precise mathematical
predictions about analogues of Mathai-Quillen forms from those heterotic constructions, and
we devote the latter part of the paper to explaining physical origins and applications.
In particular, this paper was originally motivated by the desire to understand claims
made in [10], regarding the dependence of correlation functions in the A/2 model on certain
complex and bundle moduli. Our original hope was to establish their claims in a clean
mathematical setting. Although we did succeeed in establishing some of their claims, others
are left for future work.
We begin in section 2 by briefly reviewing pertinent aspects of the Mathai-Quillen for-
malism. In section 3 we discuss various sheaf-theoretic generalizations. The basic format is
that we take a bundle on Y which can be realized as e.g. a kernel or cokernel on a larger
space including Y , and lift the sheaf cohomology computation to that larger space. We
give representatives of sheaf cohomology, ∂-closed bundle-valued differential forms, whose
cohomology classes are independent of certain deformations. In particular, in this section we
observe how ordinary Mathai-Quillen forms can be understood as special cases of the kernel
construction, and also discuss how the results of [10] can be understood in this context.
Finally in section 4 we discuss how these analogues of Mathai-Quillen forms arise in
heterotic versions of topological field theories. Corresponding to each analogue of a Mathai-
Quillen form discussed earlier, we give a Landau-Ginzburg model that renormalization
group flows to a nonlinear sigma model. The analogues of Mathai-Quillen forms provide a
mathematical mechanism for understanding how correlation functions in the (UV) Landau-
Ginzburg theories can match those of (IR) nonlinear sigma models. See [14, 15] for a dis-
cussion of the pertinent Landau-Ginzburg models, whose descriptions are further elaborated
upon here.
This paper could be viewed as a step in the further development of Landau-Ginzburg
models over nontrivial spaces, further developing results in e.g. [14, 15, 16, 17, 18].
A mathematician solely interested in analogues of Mathai-Quillen forms can safely skip
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section 4, as it is intended to give context to physicists reading this article.
2 Brief review of the Mathai-Quillen formalism
Consider a complex vector bundle G
π
−→ M with standard fiber V , over a complex mani-
fold M . Suppose that G has fiber metric (·, ·)G and compatible connection ∇. Under these
circumstances, the Mathai-Quillen formalism [1, 2, 3, 4, 5, 6, 19] provides an explicit repre-
sentative U(G,∇) of the Thom class of G. Furthermore, the pullback s∗U(G,∇) of U(G,∇)
by any section s :M → G of G is a representative of the top Chern class of G. Let us review
the formalism in more detail.
2.1 Conventions
Our conventions for M , G, and the dual G∗ of G are as follows. The exterior derivatives on
M and G are respectively denoted by d and dG. We choose local coordinates φI on M . The
connection on G is then given by ∇ = dφI∇I . In terms of this connection, the curvature
2-form on G is given by R = ∇2. We choose a local oriented orthonormal frame {eA} for
G and let {fA} be the dual coframe. The section s may thus be expressed as s = sAeA.
Similarly, we write ρ = ρAf
A, where the ρA are anticommuting orthonormal coordinates on
G∗. The dual pairing on G is denoted by 〈·, ·〉G. Finally, the metric on G
∗ is denoted by
(·, ·)G∗.
Now, consider the pullback bundle π∗G → G. This bundle has fiber metric
π∗(·, ·)G ≡ (·, ·)π∗G,
compatible connection π∗∇ ≡ ∇˜, curvature 2-form π∗R ≡ R˜, local oriented orthonormal
frame {π∗eA} ≡ {e˜A}, and tautological section x˜ = x˜
Ae˜A. The dual bundle (π
∗G)∗ → G
has coframe {(π∗)∗fA} ≡ {f˜A} and metric (·, ·)(π∗G)∗ . We write ρ˜ = ρ˜Af˜
A, where the
ρ˜A ≡ (π
∗)∗ρA are anticommuting orthonormal coordinates on (π
∗G)∗. The dual pairing on
π∗G is denoted by 〈·, ·〉π∗G.
2.2 Definition
The Mathai-Quillen form U(G,∇) is defined to be proportional to
u(G,∇) =
∫
dρ˜ exp
(
−A˜
)
, (1)
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where
A˜ =
1
2
(
x˜, x˜
)
π∗G
+
〈
∇˜x˜, ρ˜
〉
π∗G
+
1
2
(
ρ˜, R˜ρ˜
)
(π∗G)∗
. (2)
By construction,
A˜ ∈ ⊕
i
Ωi
(
G,∧i (π∗G)∗
)
,
hence
exp
(
−A˜
)
∈ ⊕
i
Ωi
(
G,∧i (π∗G)∗
)
,
hence u(G,∇) ∈ Ωr(G). Moreover, the Mathai-Quillen form is closed:
dGu(G,∇) = 0.
To show that it is closed, first note that since ∇˜ is compatible with the metric (·, ·)π∗G ,
it follows that
dG
∫
dρ˜ α˜ =
∫
dρ˜ ∇˜α˜ ,
where α˜ ∈ Ω (G,∧ (π∗G)∗). Furthermore,(
∇˜+ x˜A
∂
∂ρ˜A
)
A˜ =
(
∇˜x˜, x˜
)
π∗G
+
〈
R˜x˜, ρ˜
〉
π∗G
−
1
2
(
ρ˜, ∇˜R˜ρ˜
)
(π∗G)∗
−
(
∇˜x˜, x˜
)
π∗G
−
〈
R˜x˜, ρ˜
〉
π∗G
,
= 0 , (3)
where we have used the Bianchi identity ∇˜ R˜ = 0. From these results, we obtain
dGu(G,∇) = dG
∫
dρ˜ exp
(
−A˜
)
,
=
∫
dρ˜ ∇˜ exp
(
−A˜
)
,
=
∫
dρ˜
(
∇˜+ x˜A
∂
∂ρ˜A
)
exp
(
−A˜
)
,
=
∫
dρ˜
[
−
(
∇˜+ x˜A
∂
∂ρ˜A
)
A˜
]
exp
(
−A˜
)
,
= 0 .
Here, the third equality holds because x˜A (∂/∂ρ˜A) e
−A˜ contributes nothing to the Grassmann
integral.
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The Mathai-Quillen form has additional properties, most importantly that∫
V
U(G,∇) = 1.
This implies that the Mathai-Quillen form is a representative of the Thom class1 of G.
This fact plays an important role in physics; for example, as a Thom class it provides
an understanding of renormalization group flow in Landau-Ginzburg models [14, 15, 16].
However, we will not establish analogues of this in this paper, we merely propose that they
exist, and as the property is standard, we omit its derivation here.
2.3 Pullbacks of Mathai-Quillen forms
What will be more relevant for this paper is the pullback of the Mathai-Quillen form U(G,∇)
by any section s of G. We shall write
s
∗u(G,∇) =
∫
dρ exp (−A) , (4)
where
A =
1
2
(s, s)
G
+ 〈∇s, ρ〉
G
+
1
2
(ρ,Rρ)
G∗
. (5)
The form s∗u(G,∇) satisfies
(i) s∗u(G,∇) ∈ ΩrkG(M) ,
(ii) ds∗u(G,∇) = 0 .
We see these properties as follows. The first follows immediately from the fact that, by
construction,
A ∈ ⊕
i
Ωi
(
G,∧iG∗
)
.
The proof of the second property is similar to that of the argument that u(G,∇) is dG-closed
in the last section, and uses the results
d
∫
dρα =
∫
dρ∇α ,
where α ∈ Ω (G,∧G∗), and (
∇+ sA
∂
∂ρA
)
A = 0 . (6)
1 A representative of the Thom class of G is a dG-closed differential form U(G) ∈ Ωr(G) such that∫
V
U(G) = 1, for r = rkG.
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For our purposes, the most important mathematical property of the pullback s∗u(G,∇)
is that the d-cohomology class of s∗u(G,∇) is independent of the section s. We can see this
as follows. Let sτ = s+ τs
′ be an affine one-parameter family of sections of G and let
Aτ =
1
2
(sτ , sτ )G + 〈∇sτ , ρ〉G +
1
2
(ρ,Rρ)
G∗
.
Then
d
dτ
s
∗
τu(G,∇) =
d
dτ
∫
dρ exp (−Aτ ) ,
= −
∫
dρ
[
(s′, sτ )G + 〈∇s
′, ρ〉
G
]
exp (−Aτ ) ,
= −
∫
dρ
{[
∇ + (sτ )A
∂
∂ρA
]
〈s′, ρ〉
G
}
exp (−Aτ ) ,
= −
∫
dρ
[
∇+ (sτ )A
∂
∂ρA
] [
〈s′, ρ〉
G
exp (−Aτ )
]
,
= −d
∫
dρ 〈s′, ρ〉
G
exp (−Aτ ) .
It follows that
s
∗
τ2
u(G,∇)− s∗τ1u(G,∇) = −d
∫ τ2
τ1
dτ
∫
dρ 〈s′, ρ〉
G
exp (−Aτ ) .
Thus, for arbitrary sections sτ1 and sτ2 of G , the d-closed forms s
∗
τ1
u(G,∇) and s∗τ2u(G,∇)
differ by a d-exact form and hence are cohomologous.
Mathematically, the form s∗U(G,∇) is cohomologous to the differential form
1
(2π)
rkG
2
∫
dρ exp
[
1
2
(ρ,Rρ)
G∗
]
= Det
(
R
2π
)
and hence is a representative of the top Chern class of G. We can recover this simply by
choosing s to be the zero section.
As an aside, if s intersects the zero section of G transversely, then s∗U(G,∇) is Poincare´
dual to s−1(0), i.e. ∫
s
−1(0)
α =
∫
M
α˜ ∧ s∗U(G,∇) , (7)
where α˜ ∈ ΩdimM−rkG(M) is d-closed. Also, when dimM = rkG, integrating s∗U(G,∇) over
M yields a representation of the integral of the top Chern class of G.
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3 Sheaf-cohomological Mathai-Quillen analogues
In this section, we will propose six analogues of Mathai-Quillen forms for sheaf cohomology.
The general prototype is as follows. We propose analogues of Mathai-Quillen forms whose
insertions relate integrals of cup products of sheaf cohomology classes
H•(N,∧•E∗) or H•(N,∧•E) ,
(or suitable hypercohomology classes, depending upon the analogue,) where E is a locally-free
sheaf on N , to corresponding integrals of cup products of sheaf cohomology classes
H•(Y,∧•E ′∗) or H•(Y,∧•E ′)
over Y ⊂ N , where E ′ is a locally-free sheaf on Y constructed in part from the data in the
analogue of the Mathai-Quillen form.
The first analogue we will discuss, the first kernel construction, will specialize to (pull-
backs of) ordinary Mathai-Quillen forms in the case that E ′ = TY , as we shall discuss.
3.1 Kernels
3.1.1 First kernel construction
Suppose that one is interested in computing integrals over some space Y ≡ {s = 0} ⊂ M
(s ∈ Γ(G)) of sheaf cohomology classes
O ∈ H•(Y,∧•E ′∗),
where E ′ is a holomorphic vector bundle on Y . Such integrals will be of the form∫
Y
O1 ∧ · · · ∧ On
and will be well-defined if det E ′∗ ∼= KY , and one picks a particular isomorphism.
We propose that if E ′ is given as the restriction to Y of the kernel of a smooth surjective
map F˜ : F1 → F2 (F1, F2 holomorphic vector bundles on M), whose restriction to Y is
holomorphic, then at least for some O’s it is possible to write the integral in the different
form ∫
Y
O1 ∧ · · · ∧ On ∝
∫
M
O˜1 ∧ · · · ∧ O˜n ∧ ωK1,
where O˜i (when it exists) is an element of H
•(M,∧•F∗1 ) ‘lifting’ Oi, in a manner we shall
describe shortly, and ωK1 is a ∂-closed analogue of a Mathai-Quillen form,
ωK1 ∈ H
g
(
M,∧f2F∗1 ⊗ det G
∗ ⊗ detF2
)
(8)
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(fi = rkFi, g = rkG), where one has an isomorphism
KM ∼= detF
∗
1 ⊗ detF2 ⊗ detG
∗
that restricts to the isomorphism det E ′∗ ∼= KY appearing above.
As a consistency check, notice that
O˜1 ∧ · · · ∧ O˜n ∈ H
dimM − g
(
M,∧f1−f2F∗1
)
so that the cohomology class of ωK1 is correct for the integrand of M to be a top-form.
We propose an expression for ωK1 below, and check its properties.
First, let us describe the relation between
O ∈ H• (Y,∧•E ′∗) and O˜ ∈ H• (M,∧•F∗1 ) .
Let i : Y →֒ M denote inclusion. Then, given O˜, we have
i∗O˜ ∈ H• (Y,∧•F∗1 |Y ) .
Next, dualizing the short exact sequence
0 −→ E ′ −→ F1|Y −→ F2|Y −→ 0
to
0 −→ F∗2 |Y −→ F
∗
1 |Y −→ E
′∗ −→ 0,
we see that there is a surjective map
∧•F∗1 |Y −→ ∧
•E ′∗
which induces
j∗ : H
• (Y,∧•F∗1 |Y ) −→ H
• (Y,∧•E ′∗) .
Hence, a pair O, O˜, when they exist, are related as
O = j∗i
∗O˜.
Our proposal for ωK1 is given by the Grassmann integral
ωK1 =
∫ ∏
dλxdχr exp(−AK1),
where
AK1 = h
xxsxsx + χ
ıλxDısx + χ
rλγF˜rγ + Fırxγχ
ıχrλxλγ, (9)
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where x indexes local coordinates along the fibers of G, γ indexes local coordinates along
the fibers of F1, r indexes local coordinates (denoted p) along the fibers of F
∗
2 , and i indexes
local coordinates on M . The curvature term
Fırxγχ
ıχrλxλγ
is defined by the condition2
∂ıF˜rγ = h
xxsxFırγx = −h
xxsxFırxγ (10)
and defines an element of
H1 (M,F∗1 ⊗ F2 ⊗ G
∗) .
(Physically, F arises as part of the curvature of a holomorphic vector bundle, hence is ∂-closed
by virtue of the Bianchi identity. Similar considerations are the reason that the curvature
of a bundle defines the Atiyah class as an element of sheaf cohomology.)
Now, let us explain some aspects of ωK1 in more detail. In AK1, every λ
x is accompanied
by a χı, so integrating out the λx’s should result in rkG = g χı’s, hence a degree g cohomology
class. Similarly, each χr is accompanied by a λγ, so integrating out the χr’s should result
in coefficients ∧f2F∗1 . Furthermore, the Grassmann integral measure makes ωK1 couple to
detG∗ ⊗ detF2. Thus, ωK1 is a form of the type indicated in equation (8). We shall show it
is ∂-closed momentarily.
Now, we can argue formally that the analogue of a Mathai-Quillen form defined above is
∂-closed. The central point is that(
D + hxxsx
∂
∂λx
)
AK1 = χ
ıχrλγ
(
∂ıF˜rγ + h
xxsxFırxγ
)
,
= 0
using equation (10), where
D = χı ∂ı.
2 This constraint is imposed physically by supersymmetry. Mathematically, it can be shown that one can
always find Fırxγ satisfying this condition [20]. For example, if G is a line bundle, then this curvature term
is the coboundary of
F˜ |Y ∈ H
0 (Y,F∗
1
|Y ⊗ F2|Y )
in the long exact sequence derived from tensoring
0 −→ O(−Y ) −→ O −→ OY −→ 0
by F∗
1
⊗F2. In this special case, the constraint above is merely the specification of the coboundary map. For
another special case, when one specializes to ordinary Mathai-Quillen forms, F˜ix = Disx, and the constraint
becomes
DıDjsx =
[
Dı, Dj
]
sx = Rıjxxh
yxsy,
a standard result. As another consistency check, note that along the locus {s = 0}, the constraint (10)
becomes the statement that F˜ |Y is holomorphic.
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Given the result above, it follows that
∂ωK1 =
∫ ∏
dλxdχrD exp(−AK1),
=
∫ ∏
dλxdχr
(
D + hxxsx
∂
∂λx
)
exp(−AK1),
= 0,
and so ωK1 defines a ∂-closed form.
Next, we will argue that the cohomology class of ωK1 is unchanged by antiholomorphic
deformations of the section s. In other words, consider the one-parameter family
AK1,τ = h
xxsx(sx + τtx) + χ
ıλxDı(sx + τtx) + χ
rλγF˜rγ + Fırxγχ
ıχrλxλγ.
Then,
d
dτ
ωK1,τ =
d
dτ
∫ ∏
dλxdχr exp(−AK1,τ),
= −
∫ ∏
dλxdχr
(
hxxsxtx + χ
ıλxDıtx
)
exp(−AK1,τ ),
=
∫ ∏
dλxdχr
(
D + hxxsx
∂
∂λx
)(
−λx tx
)
exp(−AK1,τ),
= ∂
∫ ∏
dλxdχr
(
−λx tx
)
exp(−AK1,τ),
thus demonstrating the desired result.
As we will see later in section 4.2.1, this analogue of a Mathai-Quillen form appears in the
A/2 model pseudo-topological field theories [15], where it plays a role analogous to that of
the Mathai-Quillen form in some ordinary topological field theories. A/2 model correlation
functions amount to sheaf cohomology computations, so the fact that this deformed Mathai-
Quillen form defines an ∂-cohomology class is precisely what is needed to correlate with its
physical role.
One simple special case is that in which G = 0, so that our proposed analogue of a
Mathai-Quillen form simply reduces to M rather than some complete intersection inside M .
In this case, AK1 becomes simply
χrλγF˜rγ.
Intuitively, its role is clear: the Grassmann quantity λγ above annihilates those λ which are
not in the kernel of F , thus reducing sheaf cohomology valued in F1 to sheaf cohomology
valued in the kernel of F˜ : F1 → F2.
13
3.1.2 Specialization to ordinary Mathai-Quillen and its deformations
An important special case of the construction above is to the ordinary Mathai-Quillen form
and its deformations.
First, let us outline a family of deformations of (pullbacks of) ordinary Mathai-Quillen
forms. Consider the pullback, s∗U(G,∇) ∝ s∗u(G,∇), defined earlier. Assume that G is a
holomorphic vector bundle. Consider deforming s∗u(G,∇) to
ωδs(G,∇) =
∫
dρ exp (−Aδs) , (11)
Aδs = A+
〈
ρp
′
fp′, dφ
i(δs)ipe
p
〉
G
. (12)
Here, A is given by (21) and
(δs)ip ∈ Γ (π
∗G ⊗ π∗TM) .
These deformations (and pullbacks of ordinary Mathai-Quillen forms themselves, in the
case δs = 0) are special cases of the sheaf-cohomological analogue of the previous section.
Specifically, this corresponds to the special case that F1 = TM , F2 = G, and with map
F˜ : F1 → F2 defined by
Fip = Disp + (δs)ip,
where sp is a holomorphic section of G. Then, note that
∂ı (Djsp + (δs)jp) =
[
Dı, Dj
]
sp = Rıjpph
qpsq
so that the curvature term, now an element of
H1
(
M,Ω1M ⊗ G ⊗ G
∗
)
is determined by the curvature of G, specifically, the Atiyah class of G∗, exactly as needed
to match ordinary Mathai-Quillen forms.
In terms of sheaf cohomology, this is the special case in which E ′ is a deformation of TY ,
with deformation determined by δs. If δs = 0, then E ′ = TY , and this sheaf-cohomological
analogue of a Mathai-Quillen form is relating
H• (M,∧•T ∗M) = H•,•(M)
to
H• (Y,∧•T ∗Y ) = H•,•(Y ),
just as expected.
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Applying previous results, we know that
∂ωδs(G,∇) = 0 .
(If instead we deformed the original pullback of the Mathai-Quillen form by (δs)ı analogously,
the result would similarly be a ∂-closed differential form.)
We also know, from specializing previous results, that the cohomology class of this de-
formation of the pullback of the Mathai-Quillen form is invariant under “antiholomorphic”
deformations of s, for the notion of antiholomorphic deformation defined earlier.
One formal3 consequence of the result above is that, by rescaling sp to zero, ωδs can be
written in the purely holomorphic form∫
dρ exp
(
−
(〈
ρp
′
fp′, (Dsp + dφ
i(δs)ip)e
p
〉
G
+
1
2
(ρ,Rρ)
G∗
))
,
which is in the same ∂-cohomology class.
The ∂-cohomology class of this deformation does seem to depend upon the (δs)ip, at least
naively. Let (δs)τip = (δs)ip + τ(δs)
′
ip and Aδs,τ = A+
〈
ρp
′
fp′, dφ
i(δs)τipe
p
〉
G
. Then
d
dτ
ωδs,τ(G,∇) =
d
dτ
∫
dρ exp (−Aδs,τ ) ,
= −
∫
dρ
〈
ρp
′
fp′, dφ
i(δs)′ipe
p
〉
G
exp (−Aδs,τ ) .
It follows that
ωδs,τ2(G,∇)− ωδs,τ1(G,∇) = −
∫ τ2
τ1
dτ
∫
dρ
〈
ρp
′
fp′, dφ
i(δs)′ipe
p
〉
G
exp (−Aδs,τ ) ,
which is at least not obviously ∂-exact. We will comment on the physical meaning of this
result in the next subsection.
3.1.3 Application to work of Melnikov-McOrist
In [10], it was argued, based on physical properties of gauged linear sigma models, that A/2
correlation functions for deformations of the tangent bundle should be independent of the
deformation δs. One of the original hopes of this work was to see that result explicitly in a
cleaner setting.
3 Physically, actually taking such a limit is more subtle than we have indicated, because for example this
removes the bosonic potential which adds new scalar zero mode directions.
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Although it is true that the deformed object ωδs given by (11) is independent of an-
tiholomorphic deformations of the section s, as noted earlier, we have not found a simple
explanation for the claim above in this context.
Implicitly in this paper we are discussing mathematics motivated by Landau-Ginzburg
models, which are related to the gauged linear sigma models of [10] via renormalization
group flow. It is entirely possible that their results are only visible in gauged linear sigma
models, that the renormalization group flow obscures the result in question.
3.1.4 Second kernel construction
Another construction exists for kernels. Suppose that one is interested in computing integrals
over some space Y ≡ {s = 0} ⊂M (s ∈ Γ(G)) of sheaf cohomology classes
O ∈ H• (Y,∧•E ′) ,
where E ′ is a holomorphic vector bundle on Y .
We propose that if E ′ is given as the restriction to Y of the kernel of a surjective holo-
morphic map F˜ : F1 → F2 (F1, F2 holomorphic vector bundles on M), then at least for
some O’s it is possible to write the integral in a different form∫
Y
O1 ∧ · · · ∧ On ∝
∫
X
O˜1 ∧ · · · ∧ O˜n ∧ ωK2,
where X is the total space of π : F∗2 → M , O˜i (when it exists) is an element of hypercoho-
mology
H
•
(
X, · · · −→ ∧2π∗F1 −→ π
∗F1 −→ OX
)
(with maps given by contraction with pF˜ ) ‘lifting’ Oi, in a fashion we shall describe momen-
tarily, and ωK2 is hypercohomology class in
H
g
(
X, π∗ detG∗ ⊗
(
· · · −→ ∧2π∗F1 −→ π
∗F1 −→ OX
))
,
where g = rkG and one has an isomorphism
KX ∼= π
∗ detG∗ ⊗ π∗ detF1
that restricts to the isomorphism det E ′ ∼= KY needed to define the corresponding integral
on Y .
We propose an expression for ωK2, and check its properties.
First, let us describe the relation between
O ∈ H• (Y,∧•E ′) and O˜ ∈ H•
(
X, · · · −→ ∧2π∗F1 −→ π
∗F1 −→ OX
)
.
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Briefly, we can use the fact that4
H
•
(
X, · · · −→ ∧2π∗F1 −→ π
∗F1 −→ OX
)
∼= H• (M,∧•E ′)
(a consequence of a minor variation of an argument given in [15][appendix A]). If we let
i : Y →֒M denote the inclusion, then the relation between the pair O, O˜ is simply
O = i∗O˜,
using the isomorphism above.
Our proposal for ωK2 is given by the Grassmann integral
ωK2 =
∫ ∏
dλx exp(−AK2),
where
AK2 = h
xxsxsx + h
γγprprF˜rγF˜ rγ + χ
ıλxDısx + χ
rθγF˜ rγh
γγ + χıθγ p
rDıF˜ rγh
γγ ,
where x indexes local coordinates along the fibers of G, γ indexes local coordinates along
the fibers of F1, r indexes local coordinates (denoted p) along along the fibers of F
∗
2 , and i
indexes local coordinates on M . Note that since each λx is paired with a χı, integrating out
λx’s results in g factors of χı, interpreted as a degree g form, as advertised.
Now, we can argue formally that the analogue of a Mathai-Quillen form defined above is
an element of hypercohomology. The central point is that(
D + hxxsx
∂
∂λx
)
AK2 = p
rF˜rγχ
rhγγF˜ rγ + p
rF˜rγp
rχı ∂ı
(
hγγ F˜ rγ
)
+ χχıθγ p
r ∂
(
hγγ DıF˜ rγ
)
,
= −prF˜rγ
∂
∂θγ
AK2,
where
D = χı ∂ı + χ
r ∂r
and we have used the fact that
χχıθγ p
r ∂
(
hγγ DıF˜ rγ
)
= 0,
which follows from the fact that F1, F2 are holomorphic. Given the contribution to the
coefficients from the Grassmann integral itself, it is now straightforward to show that ωK2 is
an element of the aforementioned hypercohomology group.
4 This section works in the language of hypercohomology, despite this isomorphism, because the pertinent
analogue of a Mathai-Quillen form seems most straightforwardly expressed in the language of hypercoho-
mology.
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Next, we will argue that the cohomology class of ωK2 is unchanged by antiholomorphic
deformations of the section s. As the details are somewhat more complicated than the
argument in the previous subsection, we sketch the details here. Consider the one-parameter
family
AK2,τ = h
xxsx
(
sx + τtx
)
+ hγγprprF˜rγF˜ rγ + χ
ıλx
(
Dısx + τDıtx
)
+ χrθγF˜ rγh
γγ + χıθγ p
rDıF˜ rγh
γγ ,
so that
d
dτ
ωK2,τ =
d
dτ
∫ ∏
dλx exp (−AK2,τ ) ,
= −
∫ ∏
dλx
(
hxxsxtx + χ
ıλxDıtx
)
exp (−AK2,τ) ,
=
∫ ∏
dλx
(
D + hxxsx
∂
∂λx
+ prF˜rγ
∂
∂θγ
)(
−λx tx
)
exp (−AK2,τ) ,
=
(
∂ + prF˜rγ
∂
∂θγ
)∫ ∏
dλx
(
−λx tx
)
exp (−AK2,τ) ,
establishing the desired result.
The relevance of this construction to physics will be discussed in section 4.2.2.
3.2 Cokernels
3.2.1 First cokernel construction
Analogous constructions exist for cokernels. Suppose that one is interested in computing
integrals over some space Y ≡ {s = 0} ⊂M (s ∈ Γ(G)) of sheaf cohomology classes
Oi ∈ H
•(Y,∧•E ′),
where E ′ is a holomorphic vector bundle on Y , as before.
We propose that if E ′ is given as the restriction to Y of the cokernel of a smooth injective
map E˜ : F1 → F2 (F1, F2 holomorphic vector bundles on M), whose restriction to Y is
holomorphic, then at least for some O’s it is possible to write∫
Y
O1 ∧ · · · ∧ On ∝
∫
M
O˜1 ∧ · · · ∧ O˜n ∧ ωCK1,
where O˜i (when it exists) is an element of H
•(M,∧•F2) ‘lifting’ Oi, in a fashion we shall
discuss momentarily, and ωCK1 is a ∂-closed analogue of a Mathai-Quillen form,
ωCK1 ∈ H
g
(
M,∧f1F2 ⊗ detG
∗ ⊗ detF∗1
)
(13)
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(fi = rkFi, g = rkG), where one has an isomorphism
KM ∼= detF
∗
1 ⊗ detF2 ⊗ detG
∗
that restricts to the isomorphism det E ′ ∼= KY needed to define the corresponding integral
on Y .
As a consistency check, notice that
O˜1 ∧ · · · ∧ O˜n ∈ H
dimM − g
(
M,∧f2−f1F2
)
so that the cohomology class of ωCK1 is correct for the integrand of M to be a top-form.
We propose an expression for ωCK1 below, and check its properties.
First, let us explain the relationship between
O ∈ H• (Y,∧•E ′) and O˜ ∈ H• (M,∧•F2) .
Let i : Y →֒ M denote inclusion, so
i∗O˜ ∈ H• (Y,∧•F2|Y ) .
Next, from the short exact sequence
0 −→ F1|Y −→ F2|Y −→ E
′ −→ 0
we have a surjective map
∧•F2|Y −→ ∧
•E ′
which induces
j∗ : H
• (Y,∧•F2|Y ) −→ H
• (Y,∧•E ′) .
Then, the pair O, O˜, when they exist, are related by
O = j∗i
∗O˜.
Our proposal for ωCK1 is given by the Grassmann integral
ωCK1 =
∫ ∏
dλxdχm exp(−ACK1),
where
ACK1 = hxxs
xsx + χıλxDıs
x hxx + χ
mθγE˜
γ
mhγγ + Fımxγχ
ıχmλxθγh
γγ ,
where x indexes local coordinates along the fibers of G, m indexes local coordinates (denoted
q) along the fibers of F1, γ indexes local coordinates along the fibers of F2, i indexes local
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coordinates on M , and sx now denotes a component of a holomorphic section of G (rather
than sx as was used in the discussion of kernels, for reasons of notational sanity). The
curvature term
Fımxγχ
ıχmλxθγh
γγ
is fixed to solve5
hγγ∂ıE˜
γ
m = s
xFımγx = −s
xFımxγ (14)
and defines an element of
H1 (M,F∗1 ⊗ F2 ⊗ G
∗) .
(Physically, F arises as part of the curvature of a holomorphic vector bundle, hence is ∂-
closed by virtue of the Bianchi identity, much as in the closely related discussion in the
kernels section.)
Now, let us explain some aspects of ωCK1 in more detail. In ACK1 above, every λ
x is
accompanies by a χı, so integrating out the λx’s should result in rkG = g of χı’s, hence a
degree g cohomology class. Similarly, each χm is accompanies by a λγ, so integrating out
the χm’s should result in coefficients ∧f1F2. The Grassmann integrals are responsible for
a detG∗ ⊗ detF∗1 factor in the coefficients. Thus, ωCK1 is a form of the type indicated in
equation (13). We shall show it is ∂-closed momentarily.
Now, we can argue formally that the analogue of a Mathai-Quillen form defined above is
∂-closed. The central point is that(
D + sx
∂
∂λx
)
ACK1 = χ
ıχmθγ
(
DıE˜
γ
m + s
xFımxγh
γγ
)
,
= 0,
using equation (14), where
D = χı∂ı.
Proceeding in the same fashion as before, it is simple to show that ∂ωCK1 = 0.
Next, we will argue that the cohomology class of ωCK1 is unchanged by ‘antiholomorphic’
deformations of s. To that end, consider the one-parameter family
ACK1,τ = hxxs
x
(
sx + τt
x
)
+χıλx
(
Dıs
x + τDıt
x
)
hxx+χ
mθγE˜
γ
mhγγ+Fımxγχ
ıχmλxθγh
γγ .
5 Solutions exist for reasons closely analogous to those in the analogous discussion in the kernels section.
For example, if G is a line bundle, then this curvature term is the coboundary of
E˜|Y ∈ H
0(Y,F∗
1
|Y ⊗F2|Y )
in the long exact sequence derived from tensoring
0 −→ G∗ −→ O −→ OY −→ 0
by F∗1 ⊗F2. In this special case, the condition above amounts to the definition of the coboundary map.
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Then,
d
dτ
ωCK1,τ =
d
dτ
∫ ∏
dλxdχm exp (−ACK1,τ) ,
= −
∫ ∏
dλxdχm
(
hxxs
xt
x
+ χıλxhxxDıt
x
)
exp (−ACK1,τ) ,
=
∫ ∏
dλxdχm
(
D + sx
∂
∂λx
)(
−hxxλ
xt
x
)
exp (−ACK1,τ ) ,
= ∂
∫ ∏
dλxdχm
(
−hxxλ
xt
x
)
exp (−ACK1,τ) ,
from which the desired result follows.
In passing, an important special case to which this cokernels construction is relevant is
Euler sequences and generalizations describing tangent bundles of toric varieties. In general,
the tangent bundle of a toric variety Z is the cokernel
0 −→ O ⊗ V
E˜
−→ ⊕DO(D) −→ TZ −→ 0,
where V is a vector space, and the D’s in the middle entry are toric divisors. By deforming
E˜, one can deform TZ to a different holomorphic vector bundle on Z.
The physical relevance of this construction will be discussed in section 4.3.1.
3.2.2 Second cokernel construction
Suppose that one is interested in computing integrals over some space Y ≡ {s = 0} ⊂ M
(s ∈ Γ(G)) of sheaf cohomology classes
O ∈ H•(Y,∧•E ′∗),
where E ′ is a holomorphic vector bundle on Y , as before, but the sheaf cohomology classes
are valued in powers of E ′∗ instead of E ′.
We propose that if E ′ is given as the restriction to Y of the cokernel of a holomorphic
injective map E˜ : F1 → F2 (F1, F2 holomorphic vector bundles on M), then at least for
some O’s it is possible to write the integral in the different form∫
Y
O1 ∧ · · · ∧ On ∝
∫
X
O˜1 ∧ · · · ∧ O˜n ∧ ωCK2,
where O˜i (when it exists) is an element of hypercohomology
H
•
(
X, · · · −→ ∧2π∗F∗2 −→ π
∗F∗2 −→ OX
)
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(with maps given by inclusion along qE˜) ‘lifting’ Oi, in a fashion we shall explain momen-
tarily,
X = Tot
(
F1
π
−→ M
)
,
and ωCK2 is a ∂-closed analogue of a Mathai-Quillen form,
ωCK2 ∈ H
g (X, π∗ detG∗ ⊗ (· · · −→ ∧∗π∗F∗2 −→ π
∗F∗2 −→ OX)) (15)
(g = rkG), where one has an isomorphism
KX ∼= π
∗ detG∗ ⊗ π∗ detF∗2
that restricts to the isomorphism det E ′∗ ∼= KY needed to define the corresponding integral
on Y . Note that in this section, unlike the last, E˜ must be holomorphic everywhere.
We propose an expression for ωCK2 below, and check its properties.
First, let us discuss the relationship between
O ∈ H•(Y,∧•E ′∗) and O˜ ∈ H•
(
X, · · · −→ ∧2π∗F∗2 −→ π
∗F∗2 −→ OX
)
.
Briefly, we can use the isomorphism
H
•
(
X, · · · −→ ∧2π∗F∗2 −→ π
∗F∗2 −→ OX
)
∼= H• (M,∧•E ′∗)
discussed in [15][appendix A]. Let i : Y →֒ M denote inclusion, then the pair O, O˜, when it
exists, is related by
O = i∗O˜
using the isomorphism above.
Our proposal for ωCK2 is given by the Grassmann integral
ωCK2 =
∫ ∏
dλx exp(−ACK2),
where
ACK2 = hxxs
xsx + hγγq
mqmE˜γmE˜
γ
m + χ
ıλxDıs
x hxx + χ
mλγE˜
γ
m hγγ + χ
ıλγqm
(
DıE˜
γ
m
)
hγγ
where x indexes local coordinates along the fibers of G, m indexes local coordinates (denoted
q) along the fibers of F1, γ indexes local coordinates along the fibers of F2, i indexes local
coordinates on M , and (m, i) index local coordinates on X .
Now, let us explain some aspects of ωCK2 in more detail. In ACK2 above, every λ
x is
accompanied by a χı, so integrating out the λx’s should result in rkG = g χı’s, hence a degree
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g cohomology class. Furthermore, the Grassmann integral measure makes ωCK2 couple to
detG∗. Thus, ωCK2 is a form of the type indicated in equation (15). We shall show it defines
an element of hypercohomology momentarily.
Now, we can argue formally that the analogue of a Mathai-Quillen form defined above
represents an element of hypercohomology. The argument is a simple variation of that seen
previously. The central point is that for
D = χı ∂ı + χ
m ∂m
we have (
D + sx
∂
∂λx
)
ACK2 = χ
mhγγq
mE˜γmE˜
γ
m + χ
ıqmqmE˜γm∂ı
(
hγγE˜
γ
m
)
,
= −qmE˜γm
∂
∂λγ
ACK2.
Given this result, we see that although ωCK2 is not ∂-closed, it does define an element of
hypercohomology of the following sequence on X :
π∗ detG∗ ⊗
(
· · · −→ ∧2π∗F∗2 −→ π
∗F∗2 −→ OX
)
with maps given by inclusion along qE˜, and the π∗ detG∗ factor determined by the Grass-
mann integral, as desired.
Next we will argue that the cohomology class of ωCK2 is unchanged by antiholomorphic
deformations of the section s. As the details are somewhat more complicated than the
argument in section 3.1, we sketch the details here. Consider the one-parameter family
ACK2,τ = hxxs
x
(
sx + τt
x
)
+ hγγq
mqmE˜γmE˜
γ
m + χ
ıλxDı
(
sx + τt
x
)
hxx
+ χmλγE˜
γ
m hγγ + χ
ıλγqm
(
DıE˜
γ
m
)
hγγ,
so that
d
dτ
ωCK2,τ =
d
dτ
∫ ∏
dλx exp (−ACK2,τ) ,
= −
∫ ∏
dλx
(
hxxs
xt
x
+ χıλxDıt
x
hxx
)
exp (−ACK2,τ ) ,
=
∫ ∏
dλx
(
D + sx
∂
∂λx
+ qmE˜γm
∂
∂λγ
)(
−hxxλ
xt
x
)
exp (−ACK2,τ) ,
=
(
∂ + qmE˜γm
∂
∂λγ
)∫ ∏
dλx
(
−hxxλ
xt
x
)
exp (−ACK2,τ) ,
from which the result follows.
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In the special case that G = 0, we should note that it was shown in [15][appendix A] that
H
•
(
X, · · · −→ ∧2π∗F∗2 −→ π
∗F∗2 −→ OX
)
= H• (M,∧•E ′∗) ,
where E ′ is the cokernel, exactly as expected for the hypercohomology described in this
section to be related to ordinary sheaf cohomology.
As we will see in section 4.3.2, this analogue of a Mathai-Quillen form appears in the
A/2 model pseudo-topological field theories [15], just as the analogues in the last section.
3.3 Cohomologies of short complexes
In this section, we will consider two constructions that will relate sheaf cohomology on
Y ≡ {s = 0} ⊂ M
to sheaf cohomology on the total space of a bundle over M , where the coefficients in question
are given as the cohomology of a short complex.
3.3.1 First short complex construction
Suppose we want to compute integrals of sheaf cohomology classes
O ∈ H•(Y,∧•E ′∗)
where E ′ is a holomorphic vector bundle on Y . Suppose that
E ′ =
ker F˜ |Y
im E˜|Y
,
where E˜ : F1 → F2 is an injective map between two holomorphic vector bundles on M , and
F˜ : F2 → F3 is a surjective map between two holomorphic vector bundles on M , where E˜
is holomorphic on all of M but F˜ is only holomorphic along Y ⊂M , and whose restrictions
to Y form a complex:
0 −→ F1|Y
E˜
−→ F2|Y
F˜
−→ F3|Y −→ 0.
(The composition F˜ ◦ E˜ vanishes everywhere6 on M .)
6 Experts will note that this is not the most general possibility allowed by physics. We leave more general
cases for future work.
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Then, we propose that, for those O such that lifts O˜ exist,∫
Y
O1 ∧ · · · ∧ On ∝
∫
X
O˜1 ∧ · · · ∧ O˜n ∧ ωMON1,
where
X ≡ Tot
(
F1
π
−→ M
)
,
the lifts O˜ are elements of hypercohomology
H
•
(
X, · · · −→ ∧2π∗F∗2 −→ π
∗F∗2 −→ OX
)
with maps given by inclusion with qmE˜γm, and
ωMON1 ∈ H
g+f3
(
X, π∗ detG∗ ⊗ π∗ detF3 ⊗
(
· · · −→ ∧2π∗F∗2 −→ π
∗F∗2 −→ OX
))
(16)
(g = rkG, fi = rkFi) given by
ωMON1 =
∫ ∏
dλxdχr exp (−AMON1) ,
where
AMON1 = h
xxsxsx + χ
ıλxDısx + χ
rλγF˜rγ + Fırxγχ
ıχrλxλγ
+ hγγq
mqm E˜
γ
mE˜
γ
m + χ
mλγE˜
γ
mhγγ + χ
ıλγ qmDıE˜
γ
mhγγ .
In the expression above, x indexes local coordinates along the fibers of G, m indexes local
coordinates along the fibers of F1, γ indexes local coordinates along the fibers of F2, r
indexes local coordinates along the fibers of F∗3 , and i indexes local coordinates on M . The
curvature term
Fırxγχ
ıχrλxλγ
represents the pullback of an element of
H1 (M,F∗2 ⊗F3 ⊗ G
∗)
which is defined by the condition
∂ıF˜rγ = h
xxsxFırγx = −h
xxsxFırxγ (17)
(much as in the earlier discussion of kernels), and in addition, we assume that the curvature
defined by F annihilates the image of E˜:
qmE˜γmFırxγ = 0.
Finally, there is an isomorphism
KX ∼= π
∗ detG∗ ⊗ π∗ detF∗2 ⊗ π
∗ detF3
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which restricts to the isomorphism needed to define the integrals of sheaf cohomology classes
on Y .
As before, we will check some elementary properties of ωMON1.
First, let us explain the relationship between
O ∈ H• (Y,∧•E ′∗) and O˜ ∈ H•
(
X, · · · −→ ∧2π∗F∗2 −→ π
∗F∗2 −→ OX
)
.
Define S to be the cokernel
0 −→ F1
E˜
−→ F2 −→ S −→ 0
We will use the isomorphism [15][appendix A]
H
•
(
X, · · · −→ ∧2π∗F∗2 −→ π
∗F∗2 −→ OX
)
∼= H• (M,∧•S∗) .
Let i : Y →֒ M denote the inclusion, and note that the injective map
E ′ =
ker F˜ |Y
im E˜|Y
−→
F2|Y
im E˜|Y
= i∗S
defines a map
j∗ : H
• (Y,∧•E ′∗) −→ H• (Y,∧•i∗S∗) .
Then, using the isomorphism above, a pair O, O˜ (when it exists) is related by
j∗O = i
∗O˜.
Next, we will argue that ωMON1 above defines an element of hypercohomology (16). The
argument is a variation of that repeated previously. As before, the central point is that for
D = χı ∂ı + χ
m ∂m
we have (
D + hxxsx
∂
∂λx
+ qmE˜γm
∂
∂λγ
)
AMON1
= −χrqmE˜γmF˜rγ + χ
ıχrλγ
(
∂ıF˜rγ + h
xxsxFırxγ
)
− qmE˜γmFırxγχ
ıχrλx,
= 0,
using the conditions discussed above. Combined with the fact that the Grassmann integra-
tion measure couples to
π∗G∗ ⊗ π∗F3
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and the fact that integrating over λx brings down g = rkG factors of χı, χr brings down
f3 = rkF3 factors of λ
γ, we see that ωMON1 can be interpreted as an element of the hyper-
cohomology group (16).
Next, we demonstrate that the cohomology class of ωMON1 is independent of antiholo-
morphic deformations of s. Consider the one-parameter family
AMON1,τ = h
xxsx
(
sx + τtx
)
+ χıλx
(
Dısx + Dıtx
)
+ χrλγF˜rγ + Fırxγχ
ıχrλxλγ
+ hγγq
mqm E˜
γ
mE˜
γ
m + χ
mλγE˜
γ
mhγγ + χ
ıλγ qmDıE˜
γ
mhγγ ,
so that
d
dτ
ωMON1,τ =
d
dτ
∫ ∏
dλxdχr exp (−AMON1,τ) ,
= −
∫ ∏
dλxdχr
(
hxxsxtx + χ
ıλxDıtx
)
exp (−AMON1,τ ) ,
=
∫ ∏
dλxdχr
(
D + hxxsx
∂
∂λx
+ qmE˜γm
∂
∂λγ
)(
−λx tx
)
exp (−AMON1,τ ) ,
=
(
∂ + qmE˜γm
∂
∂λγ
)∫ ∏
dλxdχr
(
−λx tx
)
exp (−AMON1,τ) ,
from which the result follows.
The relevance of this construction to physics will be discussed in section 4.4.1.
3.3.2 Second short complex construction
Suppose we want to compute integrals of sheaf cohomology classes
O ∈ H• (Y,∧•E ′) ,
where E ′ is a holomorphic vector bundle on Y , of the form
E ′ =
ker F˜ |Y
im E˜|Y
,
where E˜ : F1 → F2 is an injective map between two holomorphic vector bundles on M ,
and F˜ : F2 → F3 is a surjective map between two holomorphic vector bundles on M , where
F˜ is holomorphic on all of M but E˜ need only be holomorphic along Y ⊂ M , and whose
restrictions form a complex
0 −→ F1|Y
E˜
−→ F2|Y
F˜
−→ F3|Y −→ 0.
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The composition F˜ ◦ E˜ vanishes everywhere7 on M .
Then, we propose that, for those O such that lifts O˜ exist,∫
Y
O1 ∧ · · · ∧ On ∝
∫
X
O˜1 ∧ · · · ∧ O˜n ∧ ωMON2,
where
X ≡ Tot
(
F∗3
π
−→ M
)
the lifts O˜ are elements of hypercohomology
H
•
(
X, · · · −→ ∧2π∗F2 −→ π
∗F2 −→ OX
)
with maps given by inclusion with prF˜rγ, and
ωMON2 ∈ H
g+f1
(
X, π∗ detG∗ ⊗ π∗ detF∗1 ⊗
(
· · · −→ ∧2π∗F2 −→ π
∗F2 −→ OX
))
(18)
(g = rkG, fi = rkFi) given by
ωMON2 =
∫ ∏
dλxdχm exp (−AMON2) ,
where
AMON2 = hxxs
xsx + hγγprprF˜rγF˜ rγ + χ
rθγh
γγF˜ rγ + χ
ıθγh
γγprDıF˜ rγ
+ χıλxDıs
x hxx + χ
mθγE˜
γ
m + Fımxγχ
ıχmλxθγh
γγ .
In the expression above, x indexes local coordinates along the fibers of G, m indexes local
coordinates along the fibers of F1, γ indexes local coordinates along the fibers of F2, r
indexes local coordinates along the fibers of F∗3 , and i indexes local coordinates on M . The
curvature term
Fımxγχ
ıχmλxθγh
γγ
represents the pullback of an element of
H1 (M,F∗1 ⊗F2 ⊗ G
∗)
and solves the equation
hγγDıE˜
γ
m = s
xFımγx = −s
xFımxγ . (19)
Its existence and properties were discussed in the earlier cokernels section. In addition, we
assume the curvature defined by F is in the kernel of F˜ :
prF˜rγh
γγFımxγ = 0.
7 More general cases are left for future work.
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Finally, there is an isomorphism
KX ∼= π
∗ detG∗ ⊗ π∗ detF∗1 ⊗ π
∗ detF2
that restricts to the isomorphism that makes the integrals on Y well-defined.
As before, we will check some elementary properties of ωMON2.
First, let us explain the relationship between
O ∈ H• (Y,∧•E ′) and O˜ ∈ H•
(
X, · · · −→ ∧2π∗F2 −→ π
∗F2 −→ OX
)
.
Define S to be the kernel
0 −→ S −→ F2
F˜
−→ F3 −→ 0
on M , and let i : Y →֒ M denote the inclusion. We will use the isomorphism [15][appendix
A]
H
•
(
X, · · · −→ ∧2π∗F2 −→ π
∗F2 −→ OX
)
∼= H• (M,∧•S) .
The map
i∗S = ker F˜ |Y −→
ker F˜ |Y
im E˜|Y
= E ′
defines a map
j∗ : H
• (Y,∧•i∗S) −→ H• (Y,∧•E ′) .
Then, the pair O, O˜, when it exists, is related by
O = j∗i
∗O˜.
Next, we show that ωMON2 above defines an element of the hypercohomology group (18).
The argument is a variation of that repeated several times already. As before, the central
point is that for
D = χı ∂ı + χ
r ∂r
we have (
D + sx
∂
∂λx
+ prF˜rγ
∂
∂θγ
)
AMON2
= −χmprE˜γmF˜rγ + χ
ıχmθγ
(
DıE˜
γ
m + s
xFımxγh
γγ
)
−prF˜rγh
γγFımxγχ
ıχmλx,
= 0,
using the conditions discussed above. The Grassmann integration measure contributes a
factor of π∗ detG∗ ⊗ π∗ detF∗1 to the coefficients. Each λ
x is accompanied by a χı, and each
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χm is accompanied by a θγ , so the Grassmann integration yields a result of degree g + f1 in
χı, θγ , determining the degree.
Next, we will demonstrate that the cohomology class of AMON2 is independent of anti-
holomorphic deformations of s. Consider the one-parameter family
AMON2,τ = hxxs
x
(
sx + τt
x
)
+ hγγprprF˜rγF˜ rγ + χ
rθγh
γγ F˜ rγ + χ
ıθγh
γγ prDıF˜ rγ
+ χıλx
(
Dıs
x + τDıt
x
)
hxx + χ
mθγE˜
γ
m + Fımxγχ
ıχmλxθγh
γγ ,
so that
d
dτ
ωMON2,τ =
d
dτ
∫ ∏
dλxdχm exp (−AMON2,τ ) ,
= −
∫ ∏
dλxdχm
(
hxxs
xt
x
+ χıλxDıt
x
hxx
)
exp (−AMON2,τ ) ,
=
∫ ∏
dλxdχm
(
D + sx
∂
∂λx
+ prF˜rγ
∂
∂θγ
)(
−hxxλ
xt
x
)
exp (−AMON2,τ ) ,
=
(
∂ + prF˜rγ
∂
∂θγ
)∫ ∏
dλxdχm
(
−hxxλ
xt
x
)
exp (−AMON2,τ) ,
from which the result follows.
The relevance of this construction to physics will be discussed in section 4.4.2.
4 Applications in topological field theory
The original Mathai-Quillen form [1] has appeared in topological field theories in several
ways. One of its original uses was as a route to define topological field theories (see e.g.
[2, 3, 4, 5, 6]), but we are more concerned with a more recent application to A-twisted
Landau-Ginzburg models [14], and heterotic generalizations thereof [15].
In comparing expressions from heterotic strings and mathematics, we will have to perform
a convention switch. Standard heterotic string conventions result in ∂-closed forms, whereas
standard mathematics conventions involve ∂-closed forms. Rather than use nonstandard
conventions for either, we will simply complex conjugate whenever we wish to compare
heterotic string results to mathematics.
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4.1 Ordinary A-twisted Landau-Ginzburg models
4.1.1 (2,2) locus
The paper [14] studied examples of A-twisted Landau-Ginzburg models which RG flow to
nonlinear sigma models. A prototypical example is the Landau-Ginzburg model on
X = Tot (π : G∗ −→ M) ,
with superpotential
W = pπ∗s,
where p is a fiber coordinate and s a section of G. This model RG flows to a nonlinear sigma
model on Y ≡ {s = 0} ⊂M .
In A-twists of this Landau-Ginzburg model, the structure of a Mathai-Quillen form nat-
urally arises, whose effect is to give a mathematical understanding of the effect of the renor-
malization group in this case. In other words, correlation functions in the A-twisted Landau-
Ginzburg theory look like wedge products of differential forms on M , but with an insertion
of the Mathai-Quillen form, which makes them equivalent to computations on Y ⊂M .
Briefly, the action for the Landau-Ginzburg theory is of the form
S(2,2) = 2t
∫
Σ
d2z
[
1
2
(gµν + iBµν) ∂zφ
µ∂zφ
ν + igaaψ
a
+Dzψ
a
+ + igbbψ
b
−Dzψ
b
−
+Raabbψ
a
+ψ
a
+ψ
b
−ψ
b
− + g
ab∂aW∂bW + ψ
a
+ψ
b
−Da∂bW + ψ
a
+ψ
b
−Da∂bW
]
, (20)
where φa = (p, φi), p a fiber coordinate, φi coordinates on M , and in the A-twisted theory,
ψi+ ≡ χ
i ∈ Γ
(
φ∗
(
T 1,0M
))
, ψi− ≡ ψ
i
z ∈ Γ
(
KΣ ⊗
(
φ∗
(
T 0,1M
))
∗
)
,
ψı+ ≡ ψ
ı
z ∈ Γ
(
KΣ ⊗
(
φ∗
(
T 1,0M
))
∗
)
, ψı− ≡ χ
ı ∈ Γ
(
φ∗
(
T 0,1M
))
,
ψp+ ≡ ψ
p
z ∈ Γ
(
KΣ ⊗ φ
∗ T 1,0π
)
, ψp− ≡ χ
p ∈ Γ
((
φ∗ T 0,1π
)
∗
)
,
ψp+ ≡ χ
p ∈ Γ
((
φ∗ T 1,0π
)
∗
)
, ψp− ≡ ψ
p
z ∈ Γ
(
KΣ ⊗ φ
∗ T 0,1π
)
.
where KΣ is the canonical bundle on Σ and Tπ is the relative tangent bundle of the projection
π : G∗ →M . To make sense of the A-twist of this theory, it was also necessary to twist some
of the bosons, specifically,
p ≡ pz ∈ Γ
(
KΣ ⊗ φ
∗ T 1,0π
)
, p ≡ pz ∈ Γ
(
KΣ ⊗ φ
∗ T 0,1π
)
,
and the φi remain untwisted.
Although χi, χı, χp, and χp are all scalars, it can be shown (following [14]) that only
χi, χı are BRST-invariant. Furthermore, as the p fields are twisted, scalar zero modes lie
31
along {p = 0} = M , and so correlation functions take the form of integrals over M of wedge
products of observables of the form
f(φi)χi1 · · ·χinχı1 · · ·χım
with an insertion of an exponential of zero mode interactions we shall discuss momentarily.
We can see the relevance of pullbacks of Mathai-Quillen forms as follows. If, for example,
we restrict to degree zero maps on a genus zero worldsheet, then from restricting to zero
modes we recover the following interactions on the zero modes:
gppspsp + χ
iχpDisp + χ
pχıDısp +Rippıχ
iχpχpχı .
If we now complex conjugate this expression to relate it to standard mathematics conventions,
we obtain
gppspsp + χ
ıχpDısp + χ
pχiDisp +Rıppiχ
ıχpχpχi,
= gppspsp + ρ
pDsp +Dspρ
p + ρpRppρ
p,
=
(
spe
p, spe
p
)
G
+
〈
ρp
′
fp′, Dspe
p
〉
G
+
〈
Dspe
p, ρp
′
fp′
〉
G
+
(
ρp
′
fp′, f
p (Rppf
p, ρpfp)G∗
)
G∗
,
=
1
2
(s, s)
G
+ 〈∇s, ρ〉
G
+
1
2
(ρ,Rρ)
G∗
,
= A , (21)
where
d = ∂ + ∂ = dφi∂i + dφ
ı ∂ı = χ
i∂i + χ
ı ∂ı ,
∇ = D +D = dφiDi + dφ
ıDı = χ
iDi + χ
ıDı ,
s = spe
p + spe
p ,
ρ = ρpfp + ρ
pfp = χ
pfp + χ
pfp .
(22)
Thus, (21) is minus the exponential of the pullback of a Mathai-Quillen form, giving a
mathematical understanding of the behavior of RG flow in this model.
In this language, the fact that A model correlators in nonlinear sigma models are inde-
pendent of the complex structure is a consequence of the fact that the d-cohomology class
of the pullback of the Mathai-Quillen form by s is independent of s.
4.1.2 A/2 deformation
Now, let us turn to the A/2 model for a deformation of the model above, describing a
deformation of the tangent bundle. Mathematically, the tangent bundle to Y ≡ {s = 0},
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s = (sp), is defined by the kernel in the short exact sequence
0 −→ TY −→ TM |Y
(Disp)
−→ G|Y −→ 0.
A deformation of the tangent bundle above is defined by
0 −→ E ′ −→ TM |Y
(Disp+(δs)ip)
−→ G|Y −→ 0,
where the (δs)ip define the deformation.
A commonly-discussed special case of this involves deformations of tangent bundles of
hypersurfaces in projective spaces. In such cases, in homogeneous coordinates zi, the (δs)ip
are required to obey
zi(δs)ip = 0.
In affine coordinates, this instead becomes the statement that, across coordinate patches,
there are several different (δs)ip, but on any one given coordinate patch, one is determined
by the others.
The action of the A/2 twist of the heterotic Landau-Ginzburg model that RG flows to a
nonlinear sigma model with tangent bundle deformation above is given by [15]
S(0,2) = 2t
∫
Σ
d2z
[
1
2
(gµν + iBµν) ∂zφ
µ∂zφ
ν + igaaψ
a
+Dzψ
a
+ + igbbλ
b
−Dzλ
b
−
+Raabbψ
a
+ψ
a
+λ
b
−λ
b
− + g
aaFaF a + ψ
a
+λ
b
−DaFb + ψ
a
+λ
b
−DaF b
]
, (23)
with target space
X = Tot
(
G∗
π
−→ M
)
and gauge bundle E = TX , where
Fa = (Fp, Fi) = (sp, p(Disp + (δs)ip)) , F a =
(
F p, F ı
)
=
(
sp, p
(
Dısp + (δs)ıp
))
,
DaFb = ∂aFb − Γ
c
abFc , DaF b = ∂aF b − Γ
c
ab
F c ,
Dzψ
a
+ = ∂zψ
a
+ − ∂zφ
bΓabcψ
c
+ , Dzλ
b
− = ∂zλ
b
− − ∂zφ
aΓbacλ
c
− ,
and
ψi+ ≡ χ
i ∈ Γ
(
φ∗
(
T 1,0M
))
, λi− ≡ λ
i
z ∈ Γ
(
KΣ ⊗
(
φ∗
(
T 0,1M
))
∗
)
,
ψı+ ≡ ψ
ı
z ∈ Γ
(
KΣ ⊗
(
φ∗
(
T 1,0M
))
∗
)
, λı− ≡ λ
ı ∈ Γ
(
φ∗
(
T 0,1M
))
,
ψp+ ≡ ψ
p
z ∈ Γ
(
KΣ ⊗ φ
∗ T 1,0π
)
, λp− ≡ λ
p ∈ Γ
((
φ∗ T 0,1π
)
∗
)
,
ψp+ ≡ χ
p ∈ Γ
((
φ∗ T 1,0π
)
∗
)
, λp− ≡ λ
p
z ∈ Γ
(
KΣ ⊗ φ
∗ T 0,1π
)
,
p ≡ pz ∈ Γ
(
KΣ ⊗ φ
∗ T 1,0π
)
, p ≡ pz ∈ Γ
(
KΣ ⊗ φ
∗ T 0,1π
)
.
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Proceeding as in the last example, to illustrate the relevance of the deformed object ωδs
given by (11), if for example we restrict to zero modes on a genus zero worldsheet, in the
degree zero sector we find the following interactions among zero modes:
gppF pFp + χ
iλpDiFp + χ
pλıDpF ı +Rippıχ
iχpλpλı ,
= gppspsp + χ
iλpDisp + χ
pλı
(
Dısp + (δs)ıp
)
+Rippıχ
iχpλpλı .
If we now complex conjugate so as to relate the heterotic expression above to standard
mathematics conventions, we find
gppspsp + χ
ıλpDısp + χ
pλi (Disp + (δs)ip) +Rıppiχ
ıχpλpλi ,
= gppspsp + ρ
pDsp +Dsp ρ
p + ρpRppρ
p + ρpdφi (δs)ip ,
=
(
spe
p, spe
p
)
G
+
〈
ρp
′
fp′, Dspe
p
〉
G
+
〈
Dspe
p, ρp
′
fp′
〉
G
+
(
ρp
′
fp′ , f
p (Rppf
p, ρpfp)G∗
)
G∗
+
〈
ρp
′
fp′, dφ
i (δs)ipe
p
〉
G
,
= A+
〈
ρp
′
fp′, dφ
i (δs)ipe
p
〉
G
,
= Aδs , (24)
which is minus the exponent of (11).
4.2 Kernels
4.2.1 A/2 model realization of first kernel construction
We can write down an A/2 model describing a kernel as follows. Suppose we wish to build
a (0,2) Landau-Ginzburg model that RG flows to a nonlinear sigma model on
Y ≡ {s = 0} ⊂ M
with gauge bundle E ′ defined by the kernel of the restriction of a surjective map
F˜ : F1 −→ F2
to {s = 0}. The map F˜ is surjective everywhere on M . The restriction of F˜ to Y is
holomorphic; however, over the rest of M , F˜ need be merely smooth.
Then, we consider a Landau-Ginzburg model on
X = Tot
(
F∗2
π
−→ M
)
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with gauge bundle E given by an extension
0 −→ π∗G∗ −→ E −→ π∗F1 −→ 0. (25)
To specify the physical theory, we need to specify both the extension E and a holomorphic
section of E∗. The details of the extension class are, except for certain special cases, largely
not relevant to this paper, so let us give the holomorphic section first, and then we shall
outline pertinent facts on the extension class. Dualizing the extension above to
0 −→ π∗F∗1 −→ E
∗ −→ π∗G −→ 0,
it is straightforward to see that a holomorphic section of E∗ uniquely determines a holomor-
phic section of π∗G, call it π∗s. Furthermore, a holomorphic section of E∗ noncanonically8
determines a smooth section of π∗F∗1 which is holomorphic over {s = 0}. (Alternatively,
we could work with holomorphic sections in local trivializations, but in this paper it will be
more convenient to work with a global smooth section.) To define the physical theory, we
will pick a holomorphic section of E∗ determined by the pullback of s ∈ Γ(G), determining
Y , and we will take the smooth section of π∗F∗1 to be given by pF˜ , where p denotes fiber
coordinates on X .
As an aside, the four-fermi term in AK1 in the Mathai-Quillen analogue associated to
this theory, defined by an element of
H1 (M,F∗1 ⊗ G
∗ ⊗ F2)
is related to the extension class of (25) as follows. One computes
Ext1X(π
∗F1, π
∗G∗) = H1(X, π∗F∗1 ⊗ π
∗G∗),
= H1(M,π∗π
∗(F∗1 ⊗ G
∗)),
= H1(M,F∗1 ⊗ G
∗ ⊗ Sym•F2),
since π is affine, by Leray. The four-fermi term can be understood as living in one of the
sheaf cohomology groups above.
In the special case that E ′ is the restriction of a bundle on M to Y (i.e. the map
F˜ is globally holomorphic, not just smooth), the extension will be trivial: E = π∗G∗ ⊗
π∗F1. Readers familiar with Distler-Kachru models can derive the same result physically by
thinking about the bundle defined by the fermi superfields. In general, however, the extension
need not be trivial. For example, if E ′ = TY , as will be the case for ordinary Mathai-Quillen
forms, then the extension will be nontrivial. In this special case, E = TX (as appropriate
for a (2,2) supersymmetric theory), which is realized via the nontrivial extension
0 −→ π∗G∗ −→ E −→ π∗TM −→ 0,
8The smooth section depends upon a choice of splitting of the smooth bundle E∗, forgetting the holomor-
phic structure.
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where F1 = TM . More generally, for readers familiar with Distler-Kachru models, if one
integrates out fermionic shift symmetries, the extension will be nontrivial.
The action of the A/2 twisted Landau-Ginzburg model that RG flows to the A/2 twist
of the nonlinear sigma model above is given in local coordinates by [15]
S = 2t
∫
Σ
d2z
[
1
2
(gµν + iBµν)∂zφ
µ∂zφ
ν + igaaψ
a
+Dzψ
a
+ + igααλ
α
−Dzλ
α
−
+ Faaααψ
a
+ψ
a
+λ
α
−λ
α
− + h
xxsxsx + h
γγprprF˜rγF˜ rγ
+ ψi+λ
x
−Disx + ψ
r
+λ
γ
−F˜rγ + ψ
i
+λ
γ
−p
rDiF˜rγ
+ ψı+λ
x
−Dısx + ψ
r
+λ
γ
−F˜ rγ + ψ
ı
+λ
γ
−p
rDıF˜ rγ
]
,
where x indexes local coordinates along the fibers of G, γ indexes local coordinates along
the fibers of F1, r indexes local coordinates (denoted p) along along the fibers of F
∗
2 , i
indexes local coordinates on M , a ∼ (r, i) indexes local coordinates on X , and α ∼ (x, γ)
indexes local coordinates along the fibers of E . In the notation of [15], in local coordinates,
(Fα) = (sx, p
rF˜rγ).
Note that the space of vacua is given by {s = 0} ∩ {p = 0}: the first condition follows
from the potential term |s|2, the second from the potential term |pF˜ |2 and the fact that F˜
is surjective everywhere on M . (In a (2,2) theory, if the space becomes singular so that p
gets a vev, the result seems to have an interpretation in terms of cotangent complexes [21],
with C× rotations of the fibers of X providing a grading. In (0,2) theories, if surjectivity of
F˜ breaks down and p gets a vev, then sometimes, under certain circumstances that are not
well-understood, the theory will still be well-behaved, but typically it will be singular [22].)
The fermions and bosons are twisted as follows:
ψi+ ≡ χ
i ∈ Γ(φ∗(TM)), ψı+ ≡ ψ
ı
z ∈ Γ(KΣ ⊗ φ
∗T ∗M),
ψr+ ≡ ψ
r
z ∈ Γ(KΣ ⊗ φ
∗T 1,0π ), ψ
r
+ ≡ χ
r ∈ Γ((φ∗T 1,0π )
∗),
λx− ≡ λ
x ∈ Γ((φ∗T 0,1G )
∗), λx− ≡ λ
x
z ∈ Γ(KΣ ⊗ φ
∗T 0,1G ),
λγ− ≡ λ
γ
z ∈ Γ(KΣ ⊗ (φ
∗T 0,1F1 )
∗), λγ− ≡ λ
γ ∈ Γ(φ∗T 0,1F1 ),
p ≡ pz ∈ Γ(KΣ ⊗ φ
∗T 1,0π ), p ≡ pz ∈ Γ(KΣ ⊗ φ
∗T 0,1π ).
Anomalies constrain the theory above. Specifically, one must require that
det G∗ ⊗ detF∗1
∼= detF∗2 ⊗KM , ch2(E) = ch2(TX).
(Note that the first condition is slightly different than merely det E∗ ∼= KX , ultimately
because the twist acts differently on various contributions to E and TX .) One can show that
anomaly-freedom in the UV implies anomaly-freedom in the IR.
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The effective interactions can be obtained by truncating to fermi zero modes. In the
degree zero sector, they are
hxxsxsx + χ
iλxDisx + χ
rλγ F˜ rγ + Firxγχ
iχrλxλγ.
The reader should recognize the expression above as the complex conjugate of equa-
tion (9). The complex conjugation is necessary because of a difference in standard con-
ventions: standard heterotic string conventions yield ∂-closed operators, whereas standard
mathematics conventions in this context involve ∂-closed operators. The two are related by
a simple complex conjugation.
Although χi, χr, λx, and λγ are all scalars, it can be shown following [15] that only χi,
λγ are BRST-invariant. Furthermore, since the p fields are twisted, the bosonic zero modes
lie along M . Restricting to zero modes, observables are then of the form
f(φi)χi1 · · ·χinλγ1 · · ·λγm ,
which after a complex conjugation are naively interpreted in terms of
H• (M,∧•F∗1 ) .
(The more nearly correct interpretation of the chiral ring is in terms of a restriction to
{s = 0} of the cohomology above, but this is not essential for this discussion.) Correlation
functions then are of the form of integrals over M of observables times the exponential of
the zero mode interactions.
Since this theory flows under RG to an A/2-twisted nonlinear sigma model, correlation
functions of the observables above should coincide with correlation functions in the nonlinear
sigma model, and this is the root of the claims in this paper regarding analogues of Mathai-
Quillen forms.
Ordinary (2,2) Landau-Ginzburg models, and deformations thereof, are special cases of
this construction. In a (2,2) Landau-Ginzburg model on X , E = TX and the (Fa) are
given by derivatives of a superpotential W . By taking F1 = TM , F2 = G, we can take the
extension
0 −→ π∗G∗ −→ E −→ π∗F1 −→ 0
to coincide with the tangent bundle TX ,
0 −→ π∗G∗ −→ TX −→ π∗TM −→ 0,
where X is the total space of π : G∗ → M . The (2,2) superpotential W = ps, s here
the pullback of a section of G, so we take (Fa) = (s, pDis). (A deformation of the (2,2)
locus would be described by the same bundles but with (Fa) = (s, p(Dis + (δs)i)). It
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is straightforward to check that the Lagrangian in this special case corresponds with the
Lagrangian given earlier for the (2,2) theory.
In the special case of a (2,2) theory, the curvature term appearing in the zero mode
interactions, now an element of
H1
(
M,Ω1M ⊗ G ⊗ G
∗
)
can be shown to coincide with the Atiyah class of G, from the fact that the extension defined
is TX . Specifically9, from earlier work one has
Ext1X(π
∗TM, π∗G∗) = H1
(
M,Ω1M ⊗ G
∗ ⊗ Sym•G
)
.
Now, there is a natural C× scaling action on the fibers of π : X → M , which induces
an action on tangent bundles. The original extension class has weight 0 under this C×,
Ω1M has weight 0, G
∗ has weight 1, and Sym•G has weight −•, so the original extension
in H1(X, π∗(Ω1M ⊗ G
∗) is an element of H1(M,Ω1M ⊗ G
∗ ⊗ G), and one can check in local
trivializations that this element is the Atiyah class of G.
In any event, the fact that the curvature term so determined coincides with the Atiyah
class of G, means that on the (2,2) locus we exactly reproduce the curvature term appearing
in standard Mathai-Quillen forms.
4.2.2 B/2 model realization of second kernel construction
We can also write down a B/2 model describing a kernel as follows. Suppose we wish to
build a (0,2) Landau-Ginzburg model that RG flows to a nonlinear sigma model on
Y ≡ {s = 0} ⊂ M
with gauge bundle defined by the kernel of the restriction of a surjective holomorphic map
F˜ : F1 −→ F2
to {s = 0}. As before, F˜ is surjective everywhere on M , and in addition we also impose the
condition that F˜ be holomorphic everywhere on M , not just the restriction to Y .
Then, we consider a Landau-Ginzburg model on
X = Tot
(
F∗2
π
−→ M
)
with gauge bundle E = π∗G∗ ⊕ π∗F1.
9 We would like to thank T. Pantev for a discussion of this point.
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The action of the B/2 twisted Landau-Ginzburg model that RG flows to the B/2 twist
of the nonlinear sigma model above is of the same form as that discussed previously for the
A/2 twist:
S = 2t
∫
Σ
d2z
[
1
2
(gµν + iBµν)∂zφ
µ∂zφ
ν + igaaψ
a
+Dzψ
a
+ + igααλ
α
−Dzλ
α
−
+ Faaααψ
a
+ψ
a
+λ
α
−λ
α
− + h
xxsxsx + h
γγprprF˜rγF˜ rγ
+ ψi+λ
x
−Disx + ψ
r
+λ
γ
−F˜rγ + ψ
i
+λ
γ
−p
rDiF˜rγ
+ ψı+λ
x
−Dısx + ψ
r
+λ
γ
−F˜ rγ + ψ
ı
+λ
γ
−p
rDıF˜ rγ
]
,
where x indexes local coordinates along the fibers of G, γ indexes local coordinates along
the fibers of F1, r indexes local coordinates (denoted p) along along the fibers of F
∗
2 , i
indexes local coordinates on M , a ∼ (r, i) indexes local coordinates on X , and α ∼ (x, γ)
indexes local coordinates along the fibers of E . In the notation of [15], in local coordinates,
(Fα) = (sx, p
rF˜rγ).
The fermions are twisted as follows:
ψi+ ≡ χ
i ∈ Γ(φ∗(TM)), ψı+ ≡ ψ
ı
z ∈ Γ(KΣ ⊗ φ
∗T ∗M),
ψr+ ≡ χ
r ∈ Γ(φ∗T 1,0π ), ψ
r
+ ≡ ψ
r
z ∈ Γ(KΣ ⊗ (φ
∗T 1,0π )
∗),
λx− ≡ λ
x ∈ Γ((φ∗T 0,1G )
∗), λx− ≡ λ
x
z ∈ Γ(KΣ ⊗ φ
∗T 0,1G ),
λγ− ≡ λ
γ ∈ Γ((φ∗T 0,1F1 )
∗), λγ− ≡ λ
γ
z ∈ Γ(KΣ ⊗ φ
∗T 0,1F1 ).
In the B/2 twisted theory, no bosons need be twisted.
Anomalies constrain the theory as follows:
KX ∼= π
∗ detG∗ ⊗ π∗ detF1, ch2(E) = ch2(TX).
In the IR, the first condition becomes det E ′ ∼= KY , as needed to define the B/2 twist of the
nonlinear sigma model.
The effective interactions can be obtained by truncating to fermi zero modes. In the
degree zero sector, they are
hxxsxsx + h
γγprprF˜rγF˜ rγ + χ
iλxDisx + χ
rλγF˜rγ + χ
iλγprDiF˜rγ.
Of the scalars χi, χr, λx, λγ, χi, χr are BRST invariant, and if we define
θx ≡ hxxλ
x, θγ ≡ hγγλ
γ ,
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then it can be shown
Q · θx ∝ sx, Q · θγ ∝ p
r F˜ rγ .
Observables built from χi, χr, θγ are then elements of hypercohomology
H
•
(
X, · · · −→ ∧2F1 −→ F1 −→ OX
)
(with maps given by contraction with pF˜ ). Under RG flow these become observables in a
B/2-twisted nonlinear sigma model, and the zero-mode interactions define an analogue of a
Mathai-Quillen form.
4.3 Cokernels
4.3.1 B/2 model realization of first cokernel construction
In this section we will describe a B/2 twisted (0,2) Landau-Ginzburg model for a cokernel.
This will yield another analogue of a Mathai-Quillen form.
Suppose we wish to build a (0,2) Landau-Ginzburg model that RG flows to a nonlinear
sigma model on
Y ≡ {s = 0} ⊂ M
(where s ∈ Γ(G)), and with gauge bundle given by the cokernel of the restriction of an
injective map
E˜ : F1 −→ F2
to Y . The map E˜ is injective everywhere on M . The restriction of E˜ to Y is holomorphic;
however, over the rest of M , E˜ need be merely smooth.
Then, we consider a Landau-Ginzburg model on
X = Tot
(
F1
π
−→ M
)
,
with gauge bundle E → X given by an extension
0 −→ π∗F2 −→ E −→ π
∗G −→ 0. (26)
To uniquely determine the physics, we must specify which extension, and also a holomor-
phic section of E , such that the resulting (0,2) Landau-Ginzburg theory will renormalization-
group flow to the (0,2) nonlinear sigma model above.
Let us begin with the choice of holomorphic section of E . This determines a holomorphic
section of π∗G together with a smooth section of π∗F2 that becomes holomorphic over the
40
vanishing locus of the section of π∗G. We will take the holomorphic section of π∗G to be the
pullback of s (whose vanishing locus is Y ), and the smooth section of π∗F2 to be qE˜, where
q is a fiber coordinate on X .
The choice of extension class is largely not relevant to the purpose of this paper, so we
shall not describe it in detail. Suffice it to say, in general, the extension will be nontrivial,
with certain exceptions. In the special case that E ′ is the restriction of a bundle on M to Y
(i.e. the map E˜ is globally holomorphic), the extension will be trivial: E = π∗G ⊗ π∗F2.
The action of the B/2 twisted Landau-Ginzburg model that RG flows to the B/2 twist
of the nonlinear sigma model above is given in local coordinates by [15]
S = 2t
∫
Σ
d2z
[
1
2
(gµν + iBµν)∂zφ
µ∂zφ
ν + igaaψ
a
+Dzψ
a
+ + igααλ
α
−Dzλ
α
−
+ Faaααψ
a
+ψ
a
+λ
α
−λ
α
− + hxxs
xsx + hγγq
mqmE˜γmE˜
γ
m
+ ψi+λ
x
−Dis
x hxx + ψ
m
+λ
γ
−E˜
γ
m hγγ + ψ
i
+λ
γ
−q
m
(
DiE˜
γ
m
)
hγγ
+ ψı+λ
x
−Dıs
x hxx + ψ
m
+λ
γ
−E˜
γ
m hγγ + ψ
ı
+λ
γ
−q
m
(
DıE˜
γ
m
)
hγγ
]
,
where, much as in the last section, x indexes local coordinates along the fibers of G, m indexes
local coordinates (denoted q) along the fibers of F1, γ indexes local coordinates along the
fibers of F2, i indexes local coordinates onM , a ∼ (m, i) indexes local coordinates on X , and
α ∼ (x, γ) indexes local coordinates along the fibers of E , and sx now denotes a component
of a holomorphic section of G (rather than sx as was used elsewhere, because of the different
way G appears in E). In the notation of [15], in local coordinates, (Eα) = (sx, qmE˜γm).
The space of vacua is of the form {s = 0}∩{q = 0}. The first condition is a result of the
bosonic potential |s|2, and the second is a result of the bosonic potential |qE˜|2 plus the fact
that E˜ is injective everywhere.
The fermions and bosons are twisted as follows:
ψi+ ≡ χ
i ∈ Γ(φ∗(TM)), ψı+ ≡ ψ
ı
z ∈ Γ(KΣ ⊗ φ
∗T ∗M),
ψm+ ≡ ψ
m
z ∈ Γ(KΣ ⊗ φ
∗T 1,0π ), ψ
m
+ ≡ χ
m ∈ Γ((φ∗T 1,0π )
∗),
λx− ≡ λ
x
z ∈ Γ(KΣ ⊗ (φ
∗T 0,1G )
∗), λx− ≡ λ
x ∈ Γ(φ∗T 0,1G ),
λγ− ≡ λ
γ ∈ Γ((φ∗T 0,1F2 )
∗), λγ− ≡ λ
γ
z ∈ Γ(KΣ ⊗ φ
∗T 0,1F2 ),
q ≡ qz ∈ Γ(KΣ ⊗ φ
∗T 1,0π ), q ≡ qz ∈ Γ(KΣ ⊗ φ
∗T 0,1π ).
Anomalies constrain the theory as follows:
KM ∼= detG
∗ ⊗ detF∗1 ⊗ detF2, ch2(E) = ch2(TX).
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The effective interactions can be obtained by truncating to fermi zero modes. In the
degree zero sector, they are
hxxs
xsx + χiλxDis
x hxx + χ
mλγE˜
γ
mhγγ + Fimxγχ
iχmλxλγ.
It will be useful to define θγ ≡ hγγλ
γ, so that the effective interactions become
hxxs
xsx + χiλxDis
x hxx + χ
mθγE˜
γ
m + Fimxγχ
iχmλxθγh
γγ .
It can be shown that the scalars χi and θγ are BRST invariant, and the other scalars χ
m,
λx are not. Furthermore, since the q fields are twisted, the bosonic zero modes lie along M .
Restricting to zero modes, observables are then of the form
f(φi)χi1 · · ·χinθγ1 · · · θγm
which after a complex conjugation are naively interpreted in terms of
H• (M,∧•F2) .
(The more nearly correct interpretation of this chiral ring is in terms of a restriction to
{s = 0} of the cohomology above, but this is not essential for this discussion.)
Correlation functions then are of the form of integrals over M of observables times the
exponential of the zero mode interactions.
As an aside, the four-fermi term in the zero mode interactions above, defined by an
element of
H1 (M,F∗1 ⊗ G
∗ ⊗ F2)
is related to the extension class of (26) as follows. One computes
Ext1X (π
∗G, π∗F2) = H
1 (X, π∗G∗ ⊗ π∗F2) ,
= H1 (M,π∗π
∗ (G∗ ⊗ F2)) ,
= H1 (M,G∗ ⊗F2 ⊗ Sym
•F∗1 ) ,
as previously, as the four-fermi term lives in one of the sheaf cohomology groups above.
4.3.2 A/2 model realization of second cokernel construction
We can also write down an A/2 model describing a cokernel. Our description will be dual
to the description of kernels in section 4.2.2, but for completeness, we give the details here.
Suppose we wish to build a (0,2) Landau-Ginzburg model that RG flows to a nonlinear sigma
model on
Y ≡ {s = 0} ⊂ M
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(where s ∈ Γ(G)), and with gauge bundle given by the cokernel of the restriction of an
injective map
E˜ : F1 −→ F2
to Y , where E˜ is both injective and holomorphic everywhere on M .
Then, we consider a Landau-Ginzburg model on
X = Tot
(
F1
π
−→ M
)
,
with gauge bundle E → X given as the sum
E = π∗F2 ⊕ π
∗G.
To uniquely determine the physics, we must specify which extension, and also a holomor-
phic section of E , such that the resulting (0,2) Landau-Ginzburg theory will renormalization-
group flow to the (0,2) nonlinear sigma model above.
Let us begin with the choice of holomorphic section of E . This is determined by holo-
morphic sections of each of F2, G. We will take the holomorphic section of π
∗G to be the
pullback of s (whose vanishing locus is Y ), and the holomorphic section of π∗F2 to be qE˜,
where q is a fiber coordinate on X .
The action of the A/2 twisted Landau-Ginzburg model that RG flows to the A/2 twist
of the nonlinear sigma model above is given in local coordinates by [15]
S = 2t
∫
Σ
d2z
[
1
2
(gµν + iBµν)∂zφ
µ∂zφ
ν + igaaψ
a
+Dzψ
a
+ + igααλ
α
−Dzλ
α
−
+ Faaααψ
a
+ψ
a
+λ
α
−λ
α
− + hxxs
xsx + hγγq
mqmE˜γmE˜
γ
m
+ ψi+λ
x
−Dis
x hxx + ψ
m
+λ
γ
−E˜
γ
m hγγ + ψ
i
+λ
γ
−q
m
(
DiE˜
γ
m
)
hγγ
+ ψı+λ
x
−Dıs
x hxx + ψ
m
+λ
γ
−E˜
γ
m hγγ + ψ
ı
+λ
γ
−q
m
(
DıE˜
γ
m
)
hγγ
]
,
where, much as in the last section, x indexes local coordinates along the fibers of G, m indexes
local coordinates (denoted q) along the fibers of F1, γ indexes local coordinates along the
fibers of F2, i indexes local coordinates on M , a ∼ (m, i) indexes local coordinates on X ,
and α ∼ (x, γ) indexes local coordinates along the fibers of E . In the notation of [15], in
local coordinates, (Eα) = (sx, qmE˜γm).
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The fermions are twisted as follows:
ψi+ ≡ χ
i ∈ Γ(φ∗(TM)), ψı+ ≡ ψ
ı
z ∈ Γ(KΣ ⊗ φ
∗T ∗M),
ψm+ ≡ χ
m ∈ Γ(φ∗T 1,0π ), ψ
m
+ ≡ ψ
m
z ∈ Γ(KΣ ⊗ (φ
∗T 1,0π )
∗),
λx− ≡ λ
x
z ∈ Γ(KΣ ⊗ (φ
∗T 0,1G )
∗), λx− ≡ λ
x ∈ Γ(φ∗T 0,1G ),
λγ− ≡ λ
γ
z ∈ Γ(KΣ ⊗ (φ
∗T 0,1F2 )
∗), λγ− ≡ λ
γ ∈ Γ(φ∗T 0,1F2 ).
Unlike the A/2 kernels theory, in the A/2 cokernels case there is no need to twist bosons.
Anomalies constrain the theory, as follows:
KM ∼= detG
∗ ⊗ detF1 ⊗ detF
∗
2 , ch2(E) = ch2(TX).
For later use, the first condition implies
KX ∼= π
∗ det G∗ ⊗ π∗ detF∗2 .
One can show that anomaly-freedom in the UV implies anomaly-freedom in the IR.
The effective interactions can be obtained by truncating to fermi zero modes. In the
degree zero sector, they are
hxxsxsx + hγγq
mqmE˜γmE˜
γ
m + χ
iλxDis
x hxx + χ
mλγE˜γm hγγ + χ
iλγqm
(
DiE˜
γ
m
)
hγγ,
which descend to define an analogue of a Mathai-Quillen form.
Although χi, χm, λx, and λγ are all scalars, it can be shown following [15] that only χi,
χm are genuinely BRST-invariant, and the others merely nearly BRST invariant:
Q · λx ∝ sx, Q · λγ ∝ qm E˜
γ
m.
Furthermore, since the q fields are not twisted, the bosonic zero modes lie along X .
Restricting to zero modes, observables are then of the form
f(φi, φm)χi1 · · ·χmnλγ1 · · ·λγn′
which after a complex conjugation are naively interpreted in terms of the hypercohomology
on X of a complex of the form
· · · −→ ∧2π∗F∗2 −→ π
∗F∗2 −→ OX
with maps given by inclusion along qE˜. Note that in order for this interpretation to hold,
E˜ must be holomorphic everywhere on M , which is the reason we restricted to that case in
this section.
It was shown in [15][section 4.1, appendix A] that the hypercohomology on X of the
sequence above is isomorphic to
H• (M,∧•E ′) ,
where E ′ is the cokernel of the map E˜ : F1 → F2. Correlation functions then are of the form
of integrals over X of observables times the exponential of the zero mode interactions.
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4.4 Cohomologies of short complexes
Suppose we want to build a Landau-Ginzburg model that flows to a nonlinear sigma model
on
Y ≡ {s = 0} ⊂ M,
as before, with gauge bundle given by
ker F˜ |Y
im E˜|Y
,
where E˜ : F1 → F2 is injective everywhere on M , F˜ : F2 → F3 is surjective everywhere on
M .
0 −→ F1
E˜
−→ F2
F˜
−→ F3 −→ 0
The restrictions of both E˜ and F˜ to Y are holomorphic, but only one need be holomorphic
on all of M . Furthermore, the composition F˜ ◦ E˜ should vanish everywhere on M , making
the restriction into a complex:
0 −→ F1|Y
E˜
−→ F2|Y
F˜
−→ F3|Y −→ 0.
(Experts will note that this is not the most general possibility allowed by physics; we leave
such more general cases for future work.)
Depending upon whether E˜ or F˜ is holomorphic on M , one gets two slightly differ-
ent Landau-Ginzburg models that renormalization-group flow to the nonlinear sigma model
described above. We will describe each in turn.
4.4.1 A/2 model realization of first short complex construction
Suppose that E˜ is holomorphic on all of M , where F˜ is only holomorphic after restriction
to Y ⊂M . Corresponding to this nonlinear sigma model is a Landau-Ginzburg model on
Z = Tot
(
F1 ⊕ F
∗
3
π˜
−→ M
)
with gauge bundle
0 −→ π˜∗G∗ −→ E −→ π˜∗F2 −→ 0.
Physically, following [15], to specify this theory, we must specify a holomorphic section
of E and a holomorphic section of E∗, whose compositions vanish, along with the precise
extension above.
We will begin by specifying the sections. Let us denote fiber coordinates on F1, F
∗
3 by
q, p, respectively.
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A holomorphic section of E determines a holomorphic section of π˜∗F2 and a smooth
section of π˜∗G∗, holomorphic over the vanishing locus of the section of π˜∗F2. We will take
the holomorphic section of π˜∗F2 to be qE˜, and the smooth section of π˜
∗G∗ to be identically
zero.
Using the dual sequence
0 −→ π˜∗F∗2 −→ E
∗ −→ π˜∗G −→ 0,
a holomorphic section of E∗ determines a holomorphic section of π˜∗G and a smooth section
of π˜∗F∗2 which is holomorphic over the vanishing locus of the section of π˜
∗G. We will take
the holomorphic section of π˜∗G to be the pullback of s (whose vanishing locus is Y ), and the
smooth section of π˜∗F∗2 to be pF˜ .
Consistency requires the composition of these sections to vanish, and indeed, F˜ E˜ = 0
and (s)(0) = 0.
The data above – a smooth not-necessarily holomorphic F˜ and a globally holomorphic
E˜ – are only compatible with the A/2 twist in general.
The action of the A/2 twisted Landau-Ginzburg model that RG flows to the A/2 twist
of the nonlinear sigma model above is given in local coordinates by [15]
S = 2t
∫
Σ
d2z
[
1
2
(gµν + iBµν)∂zφ
µ∂zφ
ν + igaaψ
a
+Dzψ
a
+ + igααλ
α
−Dzλ
α
−
+ Faaααψ
a
+ψ
a
+λ
α
−λ
α
− + h
xxsxsx + h
γγprprF˜rγF˜ rγ
+ ψi+λ
x
−Disx + ψ
r
+λ
γ
−F˜rγ + ψ
i
+λ
γ
−p
rDiF˜rγ
+ ψı+λ
x
−Dısx + ψ
r
+λ
γ
−F˜ rγ + ψ
ı
+λ
γ
−p
rDıF˜ rγ
+ hγγq
mqmE˜γmE˜
γ
m
+ ψm+λ
γ
−E˜
γ
mhγγ + ψ
i
+λ
γ
−q
mDiE˜
γ
mhγγ
+ ψm+λ
γ
−E˜
γ
mhγγ + ψ
ı
+λ
γ
−q
mDıE˜
γ
mhγγ
]
,
where x indexes local coordinates along the fibers of G, m indexes local coordinates along the
fibers of F1, γ indexes local coordinates along the fibers of F2, r indexes local coordinates
along the fibers of F∗3 , i indexes local coordinates onM , a ∼ (m, r, i) indexes local coordinates
on X , and α ∼ (x, γ) indexes local coordinates along the fibers of E .
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The fermions and bosons are twisted as follows:
ψi+ ≡ χ
i ∈ Γ(φ∗(TM)), ψı+ ≡ ψ
ı
z ∈ Γ(KΣ ⊗ φ
∗T ∗M),
ψm+ ≡ ψ
m ∈ Γ(φ∗T 1,0F1 ), ψ
m
+ ≡ ψ
m
z ∈ Γ(KΣ ⊗ (φ
∗T 1,0F1 )
∗),
ψr+ ≡ ψ
r
z ∈ Γ(KΣ ⊗ φ
∗T 1,0π ), ψ
r
+ ≡ χ
r ∈ Γ((φ∗T 1,0π )
∗),
λx− ≡ λ
x ∈ Γ((φ∗T 0,1G )
∗), λx− ≡ λ
x
z ∈ Γ(KΣ ⊗ φ
∗T 0,1G ),
λγ− ≡ λ
γ
z ∈ Γ(KΣ ⊗ (φ
∗T 0,1F1 )
∗), λγ− ≡ λ
γ ∈ Γ(φ∗T 0,1F1 ),
p ≡ pz ∈ Γ(KΣ ⊗ φ
∗T 1,0π ), p ≡ pz ∈ Γ(KΣ ⊗ φ
∗T 0,1π ).
The bosons q, q are untwisted.
Anomalies constrain this theory as follows:
KM ∼= detG
∗ ⊗ detF1 ⊗ detF
∗
2 ⊗ detF3, ch2(Z) = ch2(E).
The effective interactions can be obtained by truncating to fermi zero modes. In the
degree zero sector, they are
hxxsxsx + χ
iλxDisx + χ
rλγ F˜ rγ + Firxγχ
iχrλxλγ
+ hγγq
mqmE˜γmE˜
γ
m + χ
mλγE˜γmhγγ + χ
iλγqmDiE˜
γ
mhγγ + Fmrxγχ
mχrλxλγ .
The curvature term
Fmrxγχ
mχrλxλγ
will always vanish, so we omit it from further discussion.
Since the q’s are untwisted, the resulting analogue of a Mathai-Quillen form will live on
a bundle over M . Specifically, they live on
X ≡ Tot
(
F1
π
−→ M
)
.
The scalars ψi, ψm are BRST-invariant. Similarly,
Q · λγ ∝ qm E˜
γ
m
so, after complex conjugation, we interpret observables built from χi, χm, λγ in terms of
hypercohomology
H
•
(
X, · · · −→ ∧2π∗F∗2 −→ π
∗F∗2 −→ OX
)
with maps given by inclusion with qmE˜γm.
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4.4.2 B/2 model realization of second short complex construction
Suppose that E˜ is holomorphic only after restriction to Y ⊂ M , whereas F˜ is holomorphic
everywhere onM . Corresponding to this nonlinear sigma model is a Landau-Ginzburg model
on
Z = Tot
(
F1 ⊕ F
∗
3
π˜
−→ M
)
with gauge bundle
0 −→ π˜∗F2 −→ E −→ π˜
∗G −→ 0.
Physically, following [15], to specify this theory, we must specify a holomorphic section
of E and a holomorphic section of E∗, whose compositions vanish, along with the precise
extension above.
We will begin by specifying the sections. Let us denote fiber coordinates on F1, F
∗
3 by
q, p, respectively.
A holomorphic section of E determines a holomorphic section of π˜∗G and a smooth
section of π˜∗F2, holomorphic over the vanishing locus of the section of π˜
∗G. We will take
the holomorphic section of π˜∗G to be the pullback of s (whose vanishing locus is Y ), and the
smooth section of π˜∗F2 to be pE˜.
Using the dual sequence
0 −→ π˜∗G∗ −→ E∗ −→ π˜∗F∗2 −→ 0,
a holomorphic section of E∗ determines a holomorphic section of π˜∗F∗2 and a smooth section
of π˜∗G∗ which is holomorphic over the vanishing locus of the section of π˜∗F∗2 . We will take
the holomorphic section of π˜∗F∗2 to be qF˜ , and the smooth section of π˜
∗G∗ to be identically
zero.
Consistency requires the composition of these sections to vanish, and indeed, F˜ E˜ = 0,
(0)(s) = 0.
The data above – a smooth not-necessarily holomorphic E˜ and a globally holomorphic
F˜ – are only compatible with the B/2 twist in general.
The action of the B/2 twisted Landau-Ginzburg model that RG flows to the B/2 twist
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of the nonlinear sigma model above is given in local coordinates by [15]
S = 2t
∫
Σ
d2z
[
1
2
(gµν + iBµν)∂zφ
µ∂zφ
ν + igaaψ
a
+Dzψ
a
+ + igααλ
α
−Dzλ
α
−
+ Faaααψ
a
+ψ
a
+λ
α
−λ
α
− + h
γγprprF˜rγF˜ rγ
+ ψr+λ
γ
−F˜rγ + ψ
i
+λ
γ
−p
rDiF˜rγ
+ ψr+λ
γ
−F˜ rγ + ψ
ı
+λ
γ
−p
rDıF˜ rγ
+ hxxs
xsx + hγγq
mqmE˜γmE˜
γ
m
+ ψi+λ
x
−Dis
x hxx + ψ
m
+λ
γ
−E˜
γ
m hγγ + ψ
i
+λ
γ
−q
m
(
DiE˜
γ
m
)
hγγ
+ ψı+λ
x
−Dıs
x hxx + ψ
m
+λ
γ
−E˜
γ
m hγγ + ψ
ı
+λ
γ
−q
m
(
DıE˜
γ
m
)
hγγ
]
,
where x indexes local coordinates along the fibers of G, m indexes local coordinates along the
fibers of F1, γ indexes local coordinates along the fibers of F2, r indexes local coordinates
along the fibers of F∗3 , i indexes local coordinates onM , a ∼ (m, r, i) indexes local coordinates
on X , and α ∼ (x, γ) indexes local coordinates along the fibers of E .
The fermions and bosons are twisted as follows:
ψi+ ≡ χ
i ∈ Γ(φ∗(TM)), ψı+ ≡ ψ
ı
z ∈ Γ(KΣ ⊗ φ
∗T ∗M),
ψm+ ≡ ψ
m
z ∈ Γ(KΣ ⊗ φ
∗T 1,0π ), ψ
m
+ ≡ χ
m ∈ Γ((φ∗T 1,0π )
∗),
ψr+ ≡ χ
r ∈ Γ(φ∗T 1,0π ), ψ
r
+ ≡ ψ
r
z ∈ Γ(KΣ ⊗ (φ
∗T 1,0π )
∗),
λx− ≡ λ
x
z ∈ Γ(KΣ ⊗ (φ
∗T 0,1G )
∗), λx− ≡ λ
x ∈ Γ(φ∗T 0,1G ),
λγ− ≡ λ
γ ∈ Γ((φ∗T 0,1F1 )
∗), λγ− ≡ λ
γ
z ∈ Γ(KΣ ⊗ φ
∗T 0,1F1 ),
q ≡ qz ∈ Γ(KΣ ⊗ φ
∗T 1,0π ), q ≡ qz ∈ Γ(KΣ ⊗ φ
∗T 0,1π ).
In the B/2 twisted theory, p, p are not twisted.
Anomalies constrain the theory as follows:
KM ∼= detG
∗ ⊗ detF∗1 ⊗ detF2 ⊗ detF
∗
3 , ch2(TZ) = ch2(E).
The effective interactions can be obtained by truncating to fermi zero modes. In the
degree zero sector, they are
hxxs
xsx + hγγprprF˜rγF˜ rγ + χ
rλγF˜rγ + χ
iλγprDiF˜rγ
+ χiλxDis
x hxx + χ
mλγE˜
γ
m hγγ + Fimxγχ
iχmλxλγ + Frmxγχ
rχmλxλγ,
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and they descend to define an analogue of a Mathai-Quillen form. The curvature term
Frmxγχ
rχmλxλγ
will always vanish, so we omit it from further discussion.
Since the p’s are untwisted, the observables live on
X ≡ Tot
(
F∗3
π
−→ M
)
.
The scalars χi, χr, are BRST-invariant, and if we define θγ ≡ hγγλ
γ, then
Q · λx− ∝ s
x, Q · θγ ∝ p
r F˜ rγ .
Observables built from ψi+, ψ
r
+, θγ can then, after complex conjugation, be interpreted in
terms of hypercohomology
H
•
(
X, · · · −→ ∧2π∗F2 −→ π
∗F2 −→ OX
)
with maps given by inclusion with prF˜rγ.
4.5 A note on anomalies
In the A/2 and B/2 models, we have encountered two different anomalies, one a condition
on determinants of bundles, the second a condition on second Chern characters. The second
condition is the standard Green-Schwarz condition; the first is specific to the A/2 and B/2
models.
The condition on determinants of bundles is applied mathematically to give well-defined
integrals of products of sheaf cohomology classes. However, the first condition, the Green-
Schwarz condition, did not appear in the mathematical discussion.
Although it is possible that a more detailed examination of the analogues of Mathai-
Quillen forms we have proposed will require the Green-Schwarz condition, it is our belief that
they will not. The reason is the manner in which the Green-Schwarz condition appears in
e.g. quantum sheaf cohomology computations. There, its role is to ensure that in worldsheet
instanton sectors, corresponding integrals of sheaf cohomology classes over moduli spaces of
instantons are well-defined. In other words, its role is to help provide an analogue of the
determinants condition over moduli spaces of instantons. As worldsheet instantons are not
discussed in this paper, as they do not arise in our constructions of Mathai-Quillen analogues,
it is our suspicion that Green-Schwarz is not relevant to the mathematics of the constructions
presented here.
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5 Conclusions
In this paper we have presented some sheaf-cohomological analogues of Mathai-Quillen forms,
which is to say, ∂-closed bundle-valued differential forms which generalize Mathai-Quillen
forms. We have shown that the cohomology classes of these forms are invariant under
certain deformations, and we have conjectured (based on their physical origin relating UV
and IR theories via renormalization group flow) that these analogues have Thom-form-like
properties, though we have not given a mathematical argument to justify that assertion.
One of the original hopes of this work was to give a mathematical understanding of
some claims of Melnikov and McOrist [10] regarding A/2 correlation functions and their
dependence (or lack thereof) on certain complex and bundle moduli. Unfortunately, we were
not able in this work to explicitly confirm more than a part of their claims, but neither have
we disproven them, their verification remains an open problem.
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